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Abstract
We study both the CP-even and CP-odd effective chiral Lagrangians of next minimal composite Higgs model
with symmetry breaking pattern depicted by the coset SO(6)/SO(5) through the sigma/omega decomposition,
in which the Goldstone matrix of the coset is decomposed in terms of the standard model Higgs doublet
and an additional scalar singlet s at the electroweak scale. The effective Lagrangian is described by the
electroweak chiral Lagrangian up to p4 order, with a function dependence on the Higgs boson and new scalar
s, named Higgs function. This function in the effective Lagrangian incorporates the Higgs non-linearity or
vacuum misalignment effects in the next minimal composite Higgs model, due to the Riemann curvature on
the Nambu-Goldstone bosons scalar manifold, leads to various Higgs couplings deviated from the standard
model ones, and also indicates the relations among different Higgs couplings in the low energy. Matching to
the Higgs effective field theory below the electroweak scale, we obtain various low energy observables such
as the electroweak oblique parameters, anomalous triple and quartic gauge couplings, anomalous couplings
of Higgs to gauge bosons, in which the Higgs non-linearity effects are encoded in the ratio ξ ≡ v2/f2 of the
electroweak scale and the new physics scale.
PACS numbers: 11.10.z, 12.60.i, 14.80.Cp, 04.62.+v
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I. INTRODUCTION
The standard model (SM) of elementary particle physics
provides a framework for all of the visible matters in na-
ture among the three known fundamental interactions ex-
cept the gravity [1]. The model is described by the gauge
theory [2–4] with symmetry SU(3)c × SU(2)L × U(1)Y .
Theoretically the electroweak (EW) sector of the SM still
owns problems such as vacuum stability, too many free pa-
rameters and naturalness or hierarchy problem. Thus, it
is commonly believed that the SM is not a UV complete
theory at energy above trillion electron volt (TeV) scale, at
where underlying dynamics is still unclear. To solve these
problems suffered by the SM, many models beyond the
SM are proposed, with different motivations emphasized.
Among them, the composite Higgs model (CHM) provides
a scenery [5–7], that might be related to a strong dynamics
in the high energy, solve the electroweak (EW) hierarchy
problem. In the scenario, the Higgs-like particle arise as
a pseudo Nambu-Goldstone Boson (NGB or GB) [8] of a
global symmetry breaking at a higher energy scale f higher
than EW scale v = 2mW /g, and is related with strong dy-
namical scale Λs ≃ 4πf for an unbroken symmetry as the
subgroup of the global symmetry [9].
There are many kinds of composite Higgs models in
literature, for review, see Refs. [12, 14, 16]. We could
classify different composite Higgs models based on the
numbers and EW representations of GBs in the setup.
The most economical and popular composite Higgs model
is the SO(5)/SO(4) minimal composite Higgs model
(MCHM) [10, 11, 13, 15, 16]. The symmetric coset
SO(5)/SO(4) provides only four GBs: three GBs eaten by
the longitudinal components of the W and Z bosons, and
the Higgs boson as the pseudo-Nambu-GB. The next to
minimal model is the SU(4)/Sp(4) ≃ SO(6)/SO(5) next-
to-minimal composite Higgs model (NMCHM) [17–20], in
which five GBs are presented: four SM Higgs components
and additional singlet scalar. For a heavy singlet scalar
GB, this model recovers to the MCHM. Thus the NM-
CHM contains the MCHM as the limiting case. On the
other hand, if this singlet scalar is not so heavy, it pro-
vides new low energy phenomenology, such as dark matter
candidate [18, 20], electroweak phase transition, etc.
Further classification of the CHMs could be justified us-
ing the custodial symmetry. The symmetry is invariant for
the three gauge bosons in the fundamental representation
of SO(3) or adjoint representation of SU(2)c [7], guaran-
tees that the ρ parameter, the ratio defined with both mass
of gauge bosons and EW mixing angle as below,
ρ ≡ m
2
W
m2Zc
2
θ
= 1, (I.1)
2
at the tree level, although there could have small correction
at the loop-level. This custodial protection mechanism in
the SM, are valid both before and after electroweak symme-
try breaking (EWSB), which entails a strong constraint for
model buildings beyond the SM, namely, whatever under-
lying dynamics as a possible UV completion beyond TeV
scale, its symmetry breaking pattern down to the EW scale,
always entails ρ = 1 at the tree level. The electroweak pre-
cision tests indicate that we should consider CHMs with
the custodial symmetry imposed. Both the MCHM and
NMCHM contains the SO(3) group as the subgroup and
thus the custodial symmetry is guaranteed.
On the other hand, given the experimental results at the
LHC, the lack of the evidence of new physics and the preci-
sion measurement of the Higgs property have already push
the new physics scale up to the TeV scale, unless the new
particles do not carry the electroweak charge. In CHMs, the
composite particles related to the strong dynamics scale f
are typically heavy [12, 14]. If the additional GBs rather
than the pseudo Goldstone Higgs exist, they should not be
lighter than the electroweak scale unless the GB is the elec-
troweak singlet. Although there are many kinds of compos-
ite Higgs models with different symmetry breaking pattern
depicted by the coset G/H [14], after integrating out heavy
composite states, and heavy GBs, what is left should at
least be the SM contents: the matter fields, the SM gauge
fields, and the Higgs boson as the pseudo GB. There could
have additional pseudo GB being the electroweak singlet.
Thus the effective Lagrangian description of the composite
Higgs models should contain at least SO(5)/SO(4) sym-
metry [13]. In this work, we consider more general case in
which additional light GB exist at the electroweak scale.
The typical example is the SO(6)/SO(5) symmetry at the
electroweak scale, containing one light scalar singlet GB.
If the scalar singlet GB becomes heavy, it recovers to the
SO(5)/SO(4) symmetry at the electroweak scale.
From the bottom-up perspective, the low energy effective
field theory (EFT) approaches [23–25, 27, 29–36, 40, 43]
with the general principle of quantum field theory, such as
Lorentz invariance, unitary, causality etc, have provides a
universal model independent description for new physics
beyond the SM. There are usually two ways to describe the
low energy effective field theory: the SM EFT in the sym-
metric phase [23–25], and the EW chiral Lagrangian in the
broken phase [29–31]. For the case that the Higgs boson
as the pseudo-Nambu-GBs, the EW chiral Lagrangian is
usually adopted due to the Higgs nonlinearity in the scalar
manifold of the GB fields. In the EW chiral Lagrangian,
the Higgs field is non-linearly realized, e.g., in the coset
construction of Callan-Coleman-Wess-Zumino (CCWZ) ap-
proach [21, 22]. On the other hand, the standard model ef-
fective field theory (SMEFT) up to dimensional-6 operators
cannot fully characterize high energy effective Lagrangian
up to the p4 order, since the operators at this order can
also obtain contributions from dimensional-8 operators of
SMEFT. Moreover, in the EW chiral Lagrangian, the global
SO(4) Higgs singlet h supplies as a natural embedding of
the custodial symmetry SU(2)C ∼ SO(3) ⊂ SO(4) after
the EW symmetry is spontaneously broken
|h|2 → |~ϕ|2 + (v + h)2, (I.2)
where ~h = (h1, h2, h3, h4), and ~ϕ = (ϕ1, ϕ2, ϕ3) consists
of the three would-be GBs for the EW symmetry. In the
CHM scenery, again we will specifically focus on those with
the G/SO(4) symmetry breaking pattern. We will take the
custodial symmetric CHM as an example to study the non-
linearity of Higgs as well as its possible mixing with a light
scalar.
In this work, we take the SU(4)/Sp(4) ≃ SO(6)/SO(5)
next-minimal composite Higgs model (NMCHM) [17–20],
as an extension of MCHM.In the NMCHM, after the ex-
plicit breaking of the global symmetry f , the gauge symme-
try and the Yukawa terms induce the radiative potential for
the SM Higgs, which acquires dynamically a non-vanishing
vacuum expectation value (vev)
v = f sin
(
vφ
f
)
cos
(
vψ
f
)
, (I.3)
where φ denote the quantum fluctuation field around the
vacuum with expectation value vφ and vψ denoted as the
vacuum phase of an extra singlet s relative to the Higgs h.
In the f ≫ v limit, the nonlinear NMCHM should recover
the SM limit, in which the EWSB is linearly realized and
the Lagrangian is written in terms of the SM Higgs as an
SU(2)L doublet.
We connect the low energy EW chiral Lagrangian to the
UV CHM valid up to an energy scale Λs ∼ 4πf . In the
CHMs, according to the CCWZ formalism, the kinetic term
of the Higgs boson should origin from [41–44]
L2 = f2Trdµdµ ⊃ gab(h)∂µπa∂µπa, (I.4)
where the metric gab(h) parametrize the curvature in the
scalar manifold. Given the non-flat metric, the degree of
non-linearity of the theory can be quantified by the non-
linear parameter
ξ ≡ v
2
f2
, (I.5)
which recovers the flat metric if f →∞.
On the other hand, the Wilson coefficients of the effective
operators in the EW chiral Lagrangian can be described by
the Higgs functions (or radial functions) FH [38, 40, 43], as
Lh = cHFH(h, s)LH + . . . , (I.6)
where LH is defined in Eq.(C.9), . . . denote the higher or-
der terms, e.g., at the p4 order, include the CP-even LC,T
or CP-odd LT˜ defined in Eqs.(C.10) and (C.14) in Ap-
pendix. C. The Higgs functions encode all the informa-
tion of the Higgs nonlinearity due to the non-flat metric
of pseudo-Nambu-GBs manifold of the CHM.
The Higgs functions provide the connection between the
low energy EW EFT and the chiral Lagrangian for the
CHM. The effective Lagrangian of the model are match-
ing with the EW chiral effective Lagrangian up to the p4
order. We extract the Higgs functions of the model from
the low energy EW chiral Lagrangian, which contains in-
formation of not only the Higgs itself, but also that of an
additional light scalar s. In a series expansion of h/v in
the Higgs effective field theory (HEFT) with the parame-
ter ξ fixed, we find the effective Wilson coefficients associ-
ated with the high energy effective chiral Lagrangian in the
3
NMCHM. Observables such as the EW oblique parameters,
anomalous triple and quartic gauge couplings, anomalous
couplings of Higgs to gauge bosons are obtained.
The structure of the paper is organized as below: In
Sec.II, we study the building blocks for both Sigma and
Omega representation in the NMCHM and discuss its sym-
metries. We also illuminate the significance of Higgs non-
linearity. In Sec.III, we study high-energy chiral effective
Lagrangian of NMCHH up to the p4 order. In Sec.IV, we
match the chiral effective Lagrangian of the NMCHM with
low energy effective EW chiral Lagrangian (EWCL), and
extract the Higgs functions. In Sec.V, we study the Higgs
function at EW scale. In Sec.VI, we study the connection
of effective field theory to the corresponding physical ob-
servables. Conclusions are made in Sec.VII.
II. NEXT MINIMAL COMPOSITE HIGGS
MODEL
In generic composite Higgs (CH) scenery, a global sym-
metry group G is spontaneously broken by some strong
dynamics mechanism at the scale f down to a subgroup
H. The coset G/H is assumed symmetric and entails that
dim(G/H) ≥ 4, e.g. the minimal version in terms of min-
imal composite Higgs model (MCHM) [10]. Consequently,
there are (at least) four GBs arise from the non-linear sym-
metry breaking mechanism of the global symmetry G, one
is identified with the light Higgs-like scalar field h and three
are identified with the longitudinal components of the SM
gauge bosons. For the next minimal composite Higgs model
(NMCHM) with the coset SO(6)/SO(5), there is an ad-
ditional new singlet GB s, comparing with those in the
MCHM. Following CCWZ in Appendix. B, we can intro-
duce the Goldstone field matrix Ω, which transform non-
linearly under the group G. For a symmetric coset, equiva-
lently theΣ field could be introduced, transforming linearly
under the group G.
A. Goldstone boson field matrix
The GBs of the coset SO(6)/SO(5) in the fundamental
representation can be parameterized by1
Φ (haˆ) = ΩΦ0, Φ0 =
(
05
1
)
, (II.1)
where Φ0 is the vacuum expectation value in the fundamen-
tal representation of SO(6) as a 6-dimensional unit vector.
1. Omega parametrization
In the symmetric coset SO(6)/SO(5), it is equivalent to
use the Ω or Σ to describe the Goldstone degree of freedom
1 We have introduced Φ0 to be dimensionless, so that the kinetic
terms should be defined as Lkin = f
2(∂µΦ)T (∂µΦ)/2. Alterna-
tively, one may defined Φ0 = (05, f)T with a dimensional scale 〈f〉,
in this case, the kinetic terms should be defined as in Eq.(V.6).
(d.o.f). as
Ω = ei
√
2
f
T aˆhaˆ ≡ eiΠ, Σ = Ω2 = e2iΠ, (II.2)
where T aˆ are the generators in the coset SO(6)/SO(5) as
given in Eq.(A.2) in Appendix. A, where aˆ = (αˆ, 5) with
αˆ = 1, 2, 3, 4. T αˆ are the unbroken generators of SO(4)
and T 5ˆ is that of SO(2). The first four index span a 4-
parameter coset space and hαˆ is a SO(4) vector. Denoting
the GBs in an array
φˆ ≡ (hˆα, hˆ5)T , with φ =
∑
a
√
haha (II.3)
where hˆα ≡ (hˆ1, hˆ2, hˆ3, hˆ4)T and we have hˆaˆ ≡ haˆ/φ. The
Goldstone boson field matrix is expressed as
Π =
φ
f
Ξ, with Ξ =
√
2T aˆhˆaˆ = −i
(
05×5 φˆ
−φˆT 0
)
.(II.4)
It is convenient to define the mixing angle φ at strong dy-
namics breaking scale f as
sφ ≡ sin
(
φ
f
)
, cφ ≡ cos
(
φ
f
)
. (II.5)
Thus, one can express the Goldstone matrix Ω as
Ω =
(
1− (1 − cφ)φˆφˆT sφφˆ
−sφφˆT cφ
)
, (II.6)
where
φˆφˆT =
(
hˆhˆT hˆ5hˆ
hˆ5hˆ
T hˆ25
)
, (II.7)
and φˆT φˆ = Tr(hˆhˆT ) + hˆ25 = 1.
After the electroweak symmetry is broken, in the unitary
gauge, i.e., hˆ1 = hˆ2 = hˆ3 = 0, it is convenient to define
another angle as [19]
cψ ≡ cos
(
ψ
f
)
=
h4√
h24 + h
2
5
,
sψ ≡ sin
(
ψ
f
)
=
h5√
h24 + h
2
5
, (II.8)
where ψ = arctan (h5/h4) is pseudo-scalar under CP sym-
metry due to the relative phase between the h5 and h4.
In the unitary gauge, the amplitude φ reduces to φ =√
h24 + h
2
5 and the (h4, h5) can be expressed in terms of
φ and ψ as
h4 = φcψ, h5 = φsψ, (II.9)
Thus, the GB matrix Ω in Eq.(II.6) can be re-expressed as
Ω =

13 0 0 0
0 cφc
2
ψ + s
2
ψ (cφ − 1) cψsψ cψsφ
0 (cφ − 1) cψsψ c2ψ + cφs2ψ sψsφ
0 −cψsφ −sφsψ cφ
 . (II.10)
In the original Cartesian (h4, h5) basis, one has
Ω =

13 0 0
0
h24cφ+h
2
5
h2
4
+h2
5
h4h5(cφ−1)
h2
4
+h2
5
h4sφ√
h2
4
+h2
5
0
h4h5(cφ−1)
h2
4
+h2
5
h25cφ+h
2
4
h2
4
+h2
5
h5sφ√
h2
4
+h2
5
0 − h4sφ√
h2
4
+h2
5
− h5sφ√
h2
4
+h2
5
cφ
 .(II.11)
4
For the latter convenience of relating the h4,5 to the SM
Higgs h, we introduce a new basis (h, s) as
h
f
≡ h4√
h24 + h
2
5
sin
(√
h24 + h
2
5
f
)
f→∞
=
h4
f
,
s
f
≡ h5√
h24 + h
2
5
sin
(√
h24 + h
2
5
f
)
f→∞
=
h5
f
. (II.12)
in the decoupling limit, i.e., f → ∞, (h, s) just recover
(h4, h5), respectively. One can check that
sin
(
h24 + h
2
5
f2
)
=
h2 + s2
f2
,
h4
h5
=
h
s
, (II.13)
and the phase ψ also represent the relative phase between
the singlet s and Higgs h as
tψ = tan
( s
h
)
. (II.14)
With Eqs.(II.5) and (II.8), the (h, s) fields can be expressed
in terms of (φ, ψ) as
h = fcψsφ, s = fsψsφ, (II.15)
The amplitude φ =
√
h2 + s2 is a scalar consists of h and
s. In the (h, s) basis, the GBs matrix in Eq.(II.10) can be
expressed as
Ω =


13 0 0 0
0
h2
√
1−h2+s2
f2
+s2
h2+s2
hs
(√
1−h2+s2
f2
−1
)
h2+s2
h
f
0
hs
(√
1− h2+s2
f2
−1
)
h2+s2
s2
√
1−h2+s2
f2
+h2
h2+s2
s
f
0 −h
f
− s
f
√
1− h2+s2
f2


.
(II.16)
Finally let us consider the situation in the absence of
CP-odd singlet, in which the NMCHM just recovers that
of MCHM, with
h
f
≡ sin
(
h4
f
)
f→∞
=
h4
f
, s = 0. (II.17)
In the (φ, ψ) basis, with ψ = 0, the GB matrix in Eq.(II.10)
recovers that for MCHM in SO(5) ⊂ SO(6) as
Ω =
 13 0 0 00 cφ 0 sφ0 0 1 0
0 −sφ 0 cφ
 . (II.18)
Equivalently, in the original Cartesian (h4, h5) basis with
h4 ≡ h, h5 = 0, it is just recovers
Ω =

1 0 0 0
0 cos
(
h
f
)
0 sin
(
h
f
)
0 0 1 0
0 − sin
(
h
f
)
0 cos
(
h
f
)
 . (II.19)
While also equivalently, in the (h, s) basis, with s = 0, the
GBs matrix becomes
Ω =

13 0 0 0
0
√
1− h2f2 0 hf
0 0 1 0
0 −hf 0
√
1− h2f2
 , (II.20)
which gives the exponential non-linear parametrization of
SO(5) transformation on GBs in terms of unconstrained
coordinates (h1, h2, h3, h4) ∈ SO(4).
2. From Omega to Sigma parametrization
For symmetric coset, the GB matrix can be also param-
eterized as
Σ = Ω2, (II.21)
which can be obtained from Ω in Eqs.(II.10), by making
the replacement as
f → f
2
, ψ → 1
2
ψ, (II.22)
so that one need to making the replacement as
cφ → c2φ, sφ → s2φ,
cψ → cψ, sψ → sψ, (II.23)
and in the (h, s) basis, equivalent to making the replace-
ment
f → f
2
, h→ 2h, s→ 2s. (II.24)
In this case, according to Eq.(II.8), the singlets can be re-
expressed as
(h, s) =
sin
(
n
f φ
)
(
n
f
) (cψ, sψ), f→∞= (h4, h5), (II.25)
from which, one can re-express the phase φ and ψ, respec-
tively, in terms of singlets h and s as
φ =
f
n
arcsin
(
n
f
√
h2 + s2
)
=
√
h24 + h
2
5,
ψ = f arctan
( s
h
)
= f arctan
(
h5
h4
)
, (II.26)
where n = 1 for Ω parametrization and n = 2 for Σ
parametrization, respectively. This implies that for Σ ≡
Ωn, one just makes the replace
f → f
n
, ψ → ψ
n
, (II.27)
so that the ratio s/h are unchanged. For the convenience
of later usage, we summarize the fields coordinate transfor-
mation among (φ, ψ), (h4, h5), (h, s) and list in Table.I.
B. Symmetries
1. Rotational symmetry
One may rotate the generators of unbroken SO(4) ⊂
SO(5) in Eqs.(A.13) as well as the coset generator
SO(5)/SO(4) in Eq.(A.2) by an angle θ in the SO(5) inner
space,
Tα ≡ (T aL, T aR, T aˆ)→ Tα′ ≡ R(θ)TαR−1(θ), (II.28)
5
TABLE I. Fields coordinate transformation among (φ, ψ), (h4, h5) and (h, s) for Ω parametrization.
(φ, ψ) (h4, h5) (h, s)
(φ,ψ) −
√
h24 + h
2
5, f arctan (h5/h4) f arcsin
(√
h2 + s2/f
)
, f arctan (s/h)
(h4, h5) φcψ, φsψ −
hf arccos
(√
1−(h2+s2)/f2
)
√
h2+s2
,
sf arccos
(√
1−(h2+s2)/f2
)
√
h2+s2
(h, s) fcψsφ, fsψsφ
h4f sin
(√
h2
4
+h2
5
/f
)
√
h2
4
+h2
5
,
h5f sin
(√
h2
4
+h2
5
/f
)
√
h2
4
+h2
5
−
by a rotation matrix R(θ)
R(θ) =
 13 cos θ sin θ1
− sin θ cos θ
 , (II.29)
where 1 ≡ 13×3. The angle θ parameterizes the misalign-
ment of SO(6) vacuum as we will discuss in the following
section. It turns out that the generators rotated becomes
T aL(θ) =
1 + cθ
2
T aL +
1− cθ
2
T aR −
sθ√
2
T aˆ,
T aR(θ) =
1− cθ
2
T aL +
1 + cθ
2
T aR +
sθ√
2
T aˆ,
T aˆ(θ) =
sθ√
2
T aL −
sθ√
2
T aR + cθT
aˆ, aˆ = 1, 2, 3,
T 4ˆ(θ) = T 4ˆ, T 5ˆ(θ) = cθT
5ˆ − sθT 4, (II.30)
where sθ ≡ sin θ, cθ ≡ cos θ, T 5ˆ(θ) is the generator of SO(2)
as defined in Eq.(A.3) in Appendix. A.
It can be check that all the generators are also normalized
as
Tr[T aL(θ)T
b
L(θ)] = δ
ab, Tr[T aR(θ)T
b
R(θ)] = δ
ab,
Tr[T aˆ(θ)T bˆ(θ)] = δaˆbˆ = 2(T aˆT bˆ)66, (II.31)
and one can also check that (T aL,RT
bˆ)66 = (T
aˆT bL,R)66 =
(T aL,RT
b
L,R)66 = (T
a
L,RT
b
R,L)66 = 0. From the generator
with rotation angle θ, one can read the components of the
external gauge fields are given by
Aaµ(θ) : A
aL
µ (θ) =
1 + cθ
2
W aµ +
1− cθ
2
Bµδ
a3,
AaRµ (θ) =
1− cθ
2
W aµ +
1 + cθ
2
Bµδ
a3,
Aaˆµ(θ) : A
aˆ
µ(θ) =
sθ√
2
(W aˆµ − δaˆ3Bµ), A4ˆµ = 0, (II.32)
where W aµ , Bµ are the EW SU(2)L×U(1)Y vector bosons.
2. Automorphism symmetry
Since the quotient space SO(6)/SO(5) is symmetric, the
symmetric coset has a automorphism or “grading” symme-
try that acts upon the generators of G as defined in Eq.(B.5)
or (II.34) both lead to the same representation as
R :
{
Ta(θ)→ +Ta(θ)
Taˆ(θ)→ −Taˆ(θ). (II.33)
It is a linear transformation among the generators that
preserves the algebra. There is other automorphism given
by [17]
R2 :
{
Ta(θ)→ −T Ta (θ)
Taˆ(θ)→ T Taˆ (θ).
(II.34)
The two linear transformation preserve the Lie algebra fol-
lowing from the fact that the SO(6)/SO(5) is symmetric
space. Both these two automorphism lead to the same rep-
resentation as Eq.(II.35).
With the generators in Eq.(II.30), the automorphism
symmetry of SO(6)/SO(5) in Eq.(II.33) is
R(θ) =
 13×3 0 0 00 cos(2θ) 0 − sin(2θ)0 0 1 0
0 − sin(2θ) 0 − cos(2θ)

θ=0,π
= diag(1, 1, 1, 1, 1,−1), (II.35)
which satisfies
R(θ)T aL,R(θ)R−1(θ) = T aL,R(θ),
R(θ)Taˆ(θ)R−1(θ) = −Taˆ(θ), (II.36)
where a = 1, 2, 3 and aˆ = 1, 2, 3, 4, 5.
When the SU(2)L × U(1)Y symmetry is turned on, the
”grading” symmetry R is explicitly breaking, to the dis-
crete one as
θ = 0, π. (II.37)
Since R is an element of the unbroken SO(4) symmetry,
i.e, it is an internal automorphism of the algebra, it will
ben an exact symmetry of the low energy Lagrangian up to
any order in the absence of gauging the EW symmetry.
It is also interesting that when θ = π/2, the automor-
phism corresponds to the Higgs parity as [48]
R(θ) θ=π/2= diag(1, 1, 1,−1, 1, 1) ≡ PH , (II.38)
which transforms the generators as
TA = {T aL, T aR, T aˆ, T 4ˆ} → T ′A = {T aR, T aL, T aˆ,−T 4ˆ}, (II.39)
implying that the operator PH flips the direction of T
4ˆ
through
T ′A = PHTAP−1H . (II.40)
3. Left-right parity symmetry
There is also a left-right parity symmetry PLR in the
NMCHM,
PLR = diag(1, 1, 1,−1, 1,−1), (II.41)
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which exchanges the generators of SU(2)L and SU(2)R sub-
group of SO(4), and also changes the sign of the first three
broken generators T aˆ as
PLRT
a
L,RP
−1
LR = T
a
R,L,
PLRT
aˆP−1LR = −T aˆ,
PLRT
4ˆP−1LR = T
4ˆ, (II.42)
with a = 1, 2, 3 and aˆ = 1, 2, 3, 5. For the broken gener-
ators, one should rewritten as PLRT
aˆP−1LR = −ηaˆT aˆ with
ηaˆ = (1, 1, 1,−1)T . Since it is not element of SO(4), one
would expect it broken at (p4) order, although it is an ac-
cidental symmetry of GBs Lagrangian at (p2). When the
SM gauge symmetry SU(2)L × U(1) is turned on, PLR is
explicitly broken for a generic value of θ.
4. CP symmetry
The CP symmetry is a symmetry of the sigma model
of the Higgs sector in the SO(6)/SO(5) model [17]. The
first automorphism symmetry R in Eq.(II.33) makes the
vielbein V µ = (DµΣ)Σ
−1 change the sign, so the Wess-
Zumino-Witten (WZW) term
LWZW = ǫµνρστTr
[
V µV νV ρV σV τ
]
, (II.43)
changes the sign. While the second automorphism sym-
metry R2 in Eq.(II.34) does not make the vielbein V µ =
(Dµ±)±−1 change the sign, so that it is a symmetry of the
WZW term.
The WZW term is unchanged under two condition
RP0, R2, (II.44)
where
P0 : x→ −x, (II.45)
is the spacetime parity. In the NMCHM, RR2P0 corre-
sponds to
h→ h, s→ −s, (II.46)
which defines the CP symmetry of the Higgs sector, in-
cluding the WZW term. In this case, one can write down
a gauge-invariant Lagrangian of the form
L = s
(4π)2
(nBBµνB˜µν + nWWµνW˜µν + nGGµνG˜µν), (II.47)
where B˜µν = ǫµνρσBρσ/2 and nB,W,G are integers that
measure the strengths of the gauge anomalies, which are
fixed by the fermion content in the UV.
C. Vacuum misalignment
The electroweak symmetry should be broken at the elec-
troweak scale. It has been shown that the electroweak sym-
metry breaking can be viewed a due to the misalignment
angel θ with respect to the vacuum of SO(6). Even as-
suming there is no misalignment at the tree level, a non-
vanishing θ = 〈h〉 /f is generated at the loop level after the
GBs obtain a vev 〈h〉 = v. There are two energy scales f
and v, the EWSB can be described as a two-step process:
at first, SO(6) is spontaneously breaking down to SO(5) at
the scale f , giving rise to an SU(2)L doublet of GBs; sec-
ondly, the EW symmetry is spontaneously breaking from
SO(4) down to SO(3) at the EW scale, which is defined as
2
v = f sin
( 〈h〉
f
)
≡ f sin θ, (II.49)
leaving an approximate custodial symmetry, where in the
last equality, we have used Eq.(II.68). Therefore, the vac-
uum misalignment parameter θ is related to the non-linear
parameter as √
ξ = sin θ
〈h〉≫f≈ θ. (II.50)
1. Embedding of SO(4) symmetry
Here we study the correspondence between the
SO(6)/SO(5) = S5 PNGBs in the NMCHM and the SM
Higgs. It it convenient to re-parametrize the first three
components ha as the three massless SM GBs ϕa with
a = 1, 2, 3,
hˆa ≡ h
v
ϕa, (II.51)
and define the mixing angle ϕ as
sϕ ≡ sin
( |ϕ|
v
)
, cϕ ≡ cos
( |ϕ|
v
)
, (II.52)
with absolute value |ϕ| = √ϕaϕa.
In the following, the first four elements of the GB scalar
with SO(4) symmetry are embedded into a 6-dimensional
fundamental scalar in SO(6). We can rewritten the four
components as a 4-vector times with a phase factor U as
embedding of U in Eq.(A.36) into SO(6) as
U ≡ exp
(
i
ϕa
v
taL
)
= cϕ + iϕˆ
ataLsϕ, (II.53)
where taL = 2T
a
L with T
a
L are SO(6) embedding generators
of custodial symmetry SU(2)L ≃ SO(3) ⊂ SO(4). One
may define the GBs as
πa ≡ vsϕϕˆa, (II.54)
so that the unitary matrix can be re-expressed in analogy
to Eq.(A.49) as
U =
√
1− π
2
v2
+ i
πa
v
taL, (II.55)
2 In fact, this definition comes from the mass terms of the gauge
boson W and Z:
v
f
=
√
ξ =
v4√
v24 + v
2
5
sin


√
v24 + v
2
5
f

 , (II.48)
where v4 ≡ 〈h4〉 and v5 ≡ 〈h5〉 are vevs of h4 and h5, respectively.
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which defines the coordinate change.
In terms of the phase factor U, the GBs matrix of NM-
CHM can also be re-expressed
Ω = ei
|h|
2f
Ξ, Σ(x) = ei
|h|
f
Ξ, (II.56)
where |h| is the scalar singlet field and Ξ is the would-be
GBs non-linear field given by
Ξ =
√
2T aˆhˆaˆ = −i
√
2Tr (Uσaˆ)T
aˆ, (II.57)
where aˆ = 1, . . . , 5, and we have matching it to Eq.(II.2),
by using Eq.(A.44) and σaˆ ≡ (σ1, σ2, σ3, i12, i12) with ψ
defined in Eq.(II.14) and the definition of hˆa in the unitary
gauge as
hˆa = 0, hˆ4 = cψ, hˆ5 = sψ. (II.58)
In this case, Ξ reduces to
√
2(T 4ˆcψ + T
5ˆh5sψ).
In general case, we can parameterize the 6-dimensional
fundamental scalar in SO(6) as Eq.(II.1), embedding with
the 4-component Higgs vector in the fundamental repre-
sentation of SO(4) as Eq.(12) in Ref. [19] or Eq.(A.5) in
Ref. [20] as
Φaˆ =
 sφhˆαˆsφhˆ5
cφ
 =
 sφ 12Tr[Uσαˆ]sφhˆ5
cφ
 , (II.59)
where for hαˆ with αˆ = 1, 2, 3, 4 and in the second equal-
ity, we have used Eq.(A.43). Thus, by using the definition
of Eq.(II.9), one can parameterize the SO(6) fundamental
scalar with SM higgs embedded as
Φaˆ ≡
 sφcψ(sϕϕˆa)sφcψ(cϕ)sφsψ
cφ
 v≫1=
 sφcψ
ϕa
v
sφcψ
sφsψ
cφ
 . (II.60)
It is convenient to re-express the fundamental scalar in
the unitary gauge
Φaˆ =
 03cψsφsψsφ
cφ
 =

03
h4sφ√
h2
4
+h2
5
h5sφ√
h2
4
+h2
5
cφ
 =

03
h
f
s
f√
1− h2+s2f2
 , (II.61)
where in the second equality, we change into (h, s) basis by
using definitions in Eq.(II.15). This gives the square root
non-linear parametrization of SO(6) in analogy to that of
SO(4) in Eq.(A.48). In the absence of the singlet s, the
fundamental representation of the scalar recovers that of
MCHM in SO(5)/SO(4) as [10, 12]
Φaˆ =
 shsϕϕˆashcϕ0
ch
 ϕ→0=
 0sh0
ch
 . (II.62)
2. Embedding with rotation θ
The vacuum can be associated with a angle θ, as the
rotation angle in a S5 unit sphere. The vacuum in the fun-
damental representation in Eq.(II.1), i.e., a 5-dimensional
unit vector Σ0, under the rotation R(θ) in Eq.(II.29), be-
comes
Φ0(θ) = R(θ)Φ0 =
 03×1sθ0
cθ
 (II.63)
where 03×1 = (0, 0, 0)T , and the angle θ parameterize the
misalignment of the vacuum with respect to the original
vacuum.
The pseudo-Nambu goldstone bosons (PNGBs) in the
fundamental representation of SO(6) in Eq.(II.60) becomes
Φaˆ =

(
cθsφ − 2hˆ4sθs2φ
2
)
~ˆhT
hˆ4cθsφ − 2hˆ24sθs2φ
2
+ sθ
hˆ5
(
cθsφ − 2hˆ4sθs2φ
2
)
cθcφ − hˆ4sθsφ
 θ=2nπ=

hˆ1sφ
hˆ2sφ
hˆ3sφ
hˆ4sφ
hˆ5sφ
cφ
 , (II.64)
where ~ˆh = (hˆ1, hˆ2, hˆ3) with hˆa ≡ ha/φ, a = 1, 2, 3. The
SM Higgs doublet can be defined as through the first four
elements of the fundamental SO(6) scalar as Eq.(A.32).
Having the hˆ5 d.o.f decoupled, it reduces to
Φaˆ
hˆ5∼0=

sφ~ˆh
T
hˆ4cθsφ + cφsθ
0
−hˆ4sφsθ + cφcθ
 , (II.65)
where ~ˆh = (hˆ1, hˆ2, hˆ3). In the GB-less limit, i.e., ϕ→ 0 by
redefining hˆ1,2,3 = ϕ1,2,3/v, hˆ4 = cψ and hˆ5 = sψ, one has
Φaˆ (θ) = Ω(h)Φ0(θ)
θ=0
=

ϕ1
v cψsφ
ϕ2
v cψsφ
ϕ3
v cψsφ
cψsφ
sψsφ
cφ

f→∞
= Φ0(θ), . (II.66)
When θ = 0, the SM electroweak group is unbroken, and
are embedded into the global SO(4) symmetry, and the
3 + 1 = 4 EW GBs forms a complex doublet of SU(2)L.
When ψ = 0 with a small θ, then
Φ (θ)
θ∼0
=

sin
(
h
f + θ
)
〈ϕ〉T
v
sin
(
h
f + θ
)
0
cos
(
h
f + θ
)
 . (II.67)
When θ 6= 0, the SM vector bosons gauge the
SO(6)/SO(5) broken generators T aˆ. It triggers the sponta-
neous symmetry breaking so that three EW GBs are eaten
to give mass to the W± and Z, respectively, while a fourth
one is identified as the Higgs boson. Therefore, the EWSB
is due to the misalignment θ, which can be generated at
the loop level as long as the GB 4-vector acquires a vev
〈h〉 6= 0, so that
θ ≡ 〈h〉
f
. (II.68)
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It can be checked that under the automorphism symme-
try in Eq.(II.35), the vacuum is inverse to itself
R(θ)Φ(θ) =

2
v sin
(
h
2f
)
cos
(
h
2f + θ
)
〈ϕ〉T
sin
(
h
f − θ
)
0
− cos
(
h
f − θ
)

h=0
= −Φ(θ). (II.69)
Thus, given a generic θ, the action of R is linear on the
SO(6)/SO(5) GBs at scale f , while is non-linear on the
Higgs field h as well as the SU(2)L GBs at scale v.
Thus, according to Eq.(II.67), the fundamental scalar in
SO(6) becomes
Φ (haˆ) =

sin
(
h
f + θ
) ϕˆ
1sϕ
ϕˆ2sϕ
ϕˆ3sϕ
cϕ

0
cos
(
h
f + θ
)
 , (II.70)
where h parameterize the SO(4) invariant quantum fluctu-
ation around the vacuum 〈h〉 = fθ.
Under the left-right parity symmetry in Eq.(II.42), the
GBs changes sign, while the Higgs is invariant,
ϕaˆ → −ϕaˆ, h→ h. (II.71)
From the two definitions in Eqs.(II.65) and (II.70), one
can identify the relations between hˆ and φˆ as
hˆasφ = sin
(
h
f
+ θ
)
πa
v
,
hˆ4sφ = cθ sin
(
h
f
+ θ
)√
1− π
2
v2
− sθ cos
(
h
f
+ θ
)
,
cφ = cθ cos
(
h
f
+ θ
)
+ sθ sin
(
h
f
+ θ
)√
1− π
2
v2
, (II.72)
which leads to a re-parametrization between hˆa and (φˆa, hˆ
4)
with a = 1, 2, 3 in SO(4). In above, we rewrite the lin-
early realized ϕ in terms of non-linearly realized π by using
Eq.(II.54).
III. HIGH ENERGY EFFECTIVE CHIRAL
LAGRANGIAN
A. Non-linear chiral Lagrangian for Sigma
parametrization
To construct the nonlinear chiral Lagrangian, different
building blocks in the last section are used. The building
blocks for the Sigma parametrization in NMCHM are
Wµν , Bµν , Σ, Vµ, T, (III.1)
where the corresponding gauge fields Wµ and Bµ are de-
fined in Eq.(B.14). QaL with a = 1, 2, 3 and QY are the
SU(2)L × U(1)Y generators embedded in SO(6)
QaL ≡ T aL, QY ≡ T 3R, (III.2)
where we have identified SU(2)L charge operator as T
a
L and
the hypercharge operator as T 3R as defined in Eq.(A.13).
When fermions are taken into account, the realistic hyper-
charge operator is defined as Y = T 3R + X , where X is a
new non-vanishing charge under an additional U(1)X , in
order to reproduce the correct hypercharges of fermions.
1. CP-even sector
For the CP-even case, one has thirteen independent op-
erators as up to O(p4),
L high = L
p2
high +L
p4
high , (III.3)
where the high energy effective chiral Lagrangian L high
becomes
L
p2
high = LC ,
L
p4
high = LB + LW + cBΣLBΣ + cWΣLWΣ +
8∑
i=1
ciLi, (III.4)
with the coefficients ci are expected to be all of the same
order of magnitude as
LC = − f
2
4 Tr
(
VµV
µ
)
LB = − 14g′2Tr
(
BµνB
µν
)
LW = − 14g2Tr
(
WµνW
µν
)
LBΣ = g′2Tr
(
ΣBµνΣ
−1B
µν
)
LWΣ = g2Tr
(
ΣWµνΣ
−1W
µν
)
L1 = gg′Tr
(
ΣBµνΣ
−1W
µν
)
L2 = ig′Tr
(
Bµν [V
µ
,V
ν
]
)
L3 = igTr
(
Wµν
[
V
µ
,V
ν
])
L4 = Tr
(
VµV
µ
)
Tr
(
VνV
ν
)
L5 = Tr
(
VµVν
)
Tr
(
V
µ
V
ν
)
L6 = Tr
(
(DµV
µ
)2
)
L7 = Tr
(
VµV
µ
VνV
ν
)
L8 = Tr
(
VµVνV
µ
V
ν
)
,
(III.5)
where f is strong dynamics scale, that can be related to the
EW scale through Eq.(I.5). Vµ is defined in Eq.(B.32). The
corresponding covariant derivative is defined in Eq.(III.6)
as
DµV
µ
= ∂µV
µ
+ igA[Aµ,V
µ
]. (III.6)
For the SM, it becomes
DµV
µ
= ∂µV
µ
+ ig
[
Wµ,V
µ
]
+ ig′
[
Bµ,V
µ
]
. (III.7)
The gauging of the SM symmetry represents an explicit
breaking of global symmetry G. For SM, the explicit ex-
pression gAAµ = gWµ + g
′Bµ is given in Eq.(B.26). The
gauging of the SM symmetry represents an explicit break-
ing of global symmetry SO(6).
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2. CP-odd sector
For the CP-odd case, the EW high-energy chiral La-
grangian describing the bosonic interactions, up to the
fourth derivatives, one has six independent operators as
L˜ high = L˜
p2
high + L˜
p4
high , (III.8)
where the leading o
L˜
p2
high = cW˜LW˜ ,
L˜
p4
high = cB˜ΣLB˜Σ + cW˜ΣLW˜Σ + c1˜L1˜ + c2˜L2˜ + c3˜L3˜, (III.9)
with c˜i as the coefficients corresponding to the operators as
L
W˜
= − g24 Tr
(
W˜µνW
µν
)
LB˜Σ = g′2Tr
(
B˜µνΣB
µν
Σ−1
)
L
W˜Σ
= g2Tr
(
W˜µνΣW
µν
Σ−1
)
L1˜ = gg′Tr
(
W˜µνΣB
µν
Σ−1
)
L2˜ = ǫµνρσ Tr
(
T
[
V
µ
,V
ν
])
Tr
(
T
[
V
ρ
,V
σ
])
L3˜ = ǫµνρσ Tr
(
V
µ
V
ν
V
ρ
V
σ
)
,
(III.10)
where T is defined in Eq.(B.36).
By substituting the explicit expressions of the building
blocks for the Sigma parametrization in Eq.(III.1), into the
CP-even or the CP-odd operators in the high-energy ef-
fective Lagrangian basis Lhigh of Eqs.(III.3) or (III.8), re-
spectively, one can produce the low energy effective chiral
Lagrangian basis Llow in Eqs.(C.11) or (C.14) for the NM-
CHM with SO(6)/SO(5) symmetry breaking pattern, as
functions of the SM gauge bosons, the SM would-be GBs
and the CP-even scalar field h as well as the CP-odd scalar
singlet s.
B. Non-linear chiral Lagrangian in the Omega
parametrization
To construct the nonlinear chiral Lagrangian, different
building blocks in the last section are utilized. The building
blocks for Omega in NMCHM are
dµ, eµν , fµν . (III.11)
With the building blocks shown above, we can obtain all of
the low energy effective Lagrangian up to p4 order.
In CCWZ approach, according to Eq.(B.19), by project-
ing upon the broken generators of the Maurer-Cartan form,
one obtains the elements of dµ and eµ fields, along broken
and unbroken generators, respectively, as expressed more
explicitly as
daˆµ = Tr
(
ωµT
aˆ
)
= −iTr [(Ω†∂µΩ)T aˆ]
eaµ = Tr (ωµT
a) = −iTr [(Ω†∂µΩ)T a] , (III.12)
where Ω is defined in Eq.(II.6), Ω† = Ω−1 and ωµ ≡
−iΩ−1∂µΩ is defined as the Maurer-Cartan one form dω
as introduced in Eq.(B.19) in the vector formalism as
ωµ = −i
(
− 12s2φ[(∂µφˆ)φˆT − φˆ(∂µφˆT )] 1f (∂µ|φ|)φˆ + sφ(∂µφˆ)− (1− cφ)sφφˆφˆT (∂µφˆ)
− 1f (∂µ|φ|)φˆT + sφ(1− cφ)(∂µφˆT )(φˆφˆT )− sφ(∂µφˆT ) sφ(∂µφˆ)
)
, (III.13)
where φˆφˆT = 1 so that φˆφˆT = (φˆφˆT )2 and we also used ∂µ(φˆ
T φˆ) = 0.
In the NMCHM, the broken generators T aˆ are given in
Eqs.(A.4) and (A.6), and can be expressed as
T aˆ = −i 1√
2
(
04 1aˆ
−1Taˆ 0
)
, (III.14)
where 04 = diag(0, 0, 0, 0), 1aˆ is a 4-vector with only non-
vanishing component 1 along the aˆ-th direction. The factor
in front is due to that we have used the fact of normalization
of generators in Eq.(A.1).
With the explicit expression of Ωµ given in Eq.(III.13),
one can read
daˆµ =
√
2
(
1
f
(∂µ|φ|)φˆaˆ + sφcφ(∂µφˆaˆ)
)
. (III.15)
By using the identities as below
∂µ(φˆφˆ
T ) =
∂µ(φφ
T )
|φ|2 − 2
∂µ|φ|
|φ|3 (φφ
T ),
∂µφˆ =
1
|φ|∂µφ−
∂µ|φ|
|φ|2 φ, (III.16)
dµ can be re-expressed as
daˆµ =
√
2
[
1
2
(
2sφcφ
|φ| −
1
f
)
φaˆ
|φ|2 ∂µ|φ|
2 − 2sφcφ|φ| ∂µφ
aˆ
]
.(III.17)
The kinetic derivative ∂µ above can be generalized to be
the covariant derivative as that in Eq.(B.18)
∂µ → Dµ = ∂µ + i[AaµT a,Σ] + i{AaˆµT aˆ,Σ}. (III.18)
For the SM, {W aµ , Bµ} ∈ Aaµ, we has
Dµ = ∂µ + i[W
a
µQ
a
L,Σ] + i[BµQY ,Σ]. (III.19)
where the gauge couplings g, g′ are absorbed into the W aµ
and Bµ, respectively. As stated before, the gauging of the
SM symmetry represents explicit breaking of the global
symmetry SO(6). The explicit expression of the covari-
ant derivatives terms as well as the Omega parametriza-
tion building blocks in EW sector of NMCHM are shown
in Appendix. B 2 a.
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1. p2 order in Omega parametrization
At the p2 order where at most two derivative, there is
only one CP-even high energy effective Lagrangian as
L(2) = f
2
4
Tr (dµd
µ) . (III.20)
2. p4 order in Omega parametrization
At the p4 order where at most four derivative, there is
a complete basis for high-energy effective Lagrangian with
11 operators
L(4) =
∑
i
ciOi, (III.21)
where i = 1, · · · , 11, and to be explicitly, are
The next-leading order CP-even and odd operators can
be constructed from the building blocks as below [38, 39],
O1 = [Tr (dµdµ)]2 ,
O2 = Tr (dµdν)Tr (dµdν) .,
O3 = Tr
[
(eLµν)
2 − (eRµν)2
]
,
O±4 = Tr
[
(fLµν ± fRµν)i[dµ, dν ]
]
,
O+5 = Tr
[
(f−µν)
2
]
,
O−5 = Tr
[
(fLµν)
2 − (fRµν)2
]
,
(III.22)
and [13]
O±6 = Tr
[(
f˜Lµν ± f˜Rµν
)
i [dµ, dν ]
]
O+7 = Tr
(
f˜−µνf
−µν
)
O−7 = Tr
(
f˜LµνfLµν − f˜RµνfRµν
)
,
(III.23)
where f˜±µν = ǫµνρσf
ρσ± is a dual antisymmetry tensor.
IV. MATCHING TO EW CHIRAL LAGRANGIAN
A. CP-even sector
1. The p2 order: kinetics and mass terms
The leading order low energy effective Lagrangian up to
the two derivatives is
LC = 1
2
(∂µφ)
2 + 2 sin2
(
φ
2f
)
(∂µψ)
2
+
4
ξ
cos2
(
ψ
f
)
sin2
(
φ
2f
)
LC , (IV.1)
where we have used Eq.(B.32) in the Ω parametrization.
The first line are canonically normalized kinetic terms for
the field φ and the phase ψ, respectively, in analogy to LH
defined in Eq.(C.9). ξ quantifying the Higgs non-linearity
due to the strong dynamics breaking scale f . The lead-
ing order operator LC is associated with the two gauge
bosons as defined in Eq.(C.10) or more explicitly shown in
Eq.(C.13) in Appendix. C.
In the absence of the singlet, i.e., ψ = 0 (or s = 0),
the leading order high-energy effective Lagrangian in the
NMCHM just leads to those in the MCHM as [10, 12]
LC = LH + 4
ξ
sin2
(
h
2f
)
LC , (IV.2)
where the first two terms describe the low energy projection
of the custodial preserving two derivative operators. The
first term LH = (∂µh)2/2 give the correctly normalized
kinetic term of h.
The identities above are model dependent relations re-
lating the d.o.f of high energy sector to that of low energy
sector. These identities are still valid even after EWSB in
which Higgs obtains vev at EW scale v as will be discussed
more in Eq.(IV.3).
2. Vacuum expectation values
After EWSB, one can derive the mass terms of the gauge
boson W and Z, from which, one can read the EW vev as
v
f
=
√
ξ = cos
(
vψ
f
)
sin
(
vφ
f
)
, (IV.3)
where vφ ≡ 〈φ〉 and vψ ≡ 〈ψ〉 are vacuum expectation
values (vev) of the φ and ψ, respectively. In the (h, s)
basis, the EW vev 〈h〉 = vh and the singlet vev 〈s〉 = vs
can be expresses, respectively, as
tan
(
vψ
f
)
=
vs
vh
, (IV.4)
which recovers that given in Eq.(I.3). This supplies as a
model dependent structure for the NMCHM, that related
to the EW vev v, Higgs vevs vφ, vacuum phase vψ, and the
strong dynamics breaking scale f .
One can transfer from the (φ, ψ) basis to the (h4, h5)
basis,
v
f
=
√
ξ =
v4√
v24 + v
2
5
sin
(√
v24 + v
2
5
f
)
, (IV.5)
where v4 ≡ 〈h4〉 and v5 ≡ 〈h5〉 are vevs of h4 and h5, re-
spectively. In addition one could transfer from the (h4, h5)
basis to the (h, s) basis,
v
f
=
√
ξ =
vh
f
, (IV.6)
where vh ≡ 〈h〉 is the vev of h, which is exactly equal to
the EW vev.
From Eqs.(IV.4) and (IV.3), the vevs (vφ, vψ) can be
expressed in terms of (vh, vs) as
vψ = f arctan
(
vs
vh
)
,
vφ = f arcsin
(√
v2h + v
2
s
f
)
, (IV.7)
where in the last equality, we have used the identification
of vh = v in Eq.(IV.6). In the EWSB vacuum identified as
vψ = 0 (or vs = 0), one has which leads to
vφ = f arcsin
√
ξ. (IV.8)
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In this case, the non-linearity exactly recovers that in the
MCHM as
ξ = sin (vφ/f) . (IV.9)
3. p4 order: Higgs couplings to gauge bosons
In the NMCHM, the operators in high energy effective
chiral Lagrangian in Eq.(III.5), are related to the low en-
ergy chiral EW Lagrangian in Eq.(C.11)
LB = LB,
LW = LW ,
LBΣ = −4
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
LB,
LWΣ = −4
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
LW ,
L1 = cos2
(
ψ
f
)
sin2
(
φ
2f
)
L1,
L2 = cos2
(
ψ
f
)
sin2
(
φ
2f
)
L2
+
√
ξ cos2
(
ψ
f
)
sin
(
φ
f
)
L(φ)4
−2√ξ sin
(
2ψ
f
)
sin2
(
φ
2f
)
L(ψ)4 ,
L3 = 2 cos2
(
ψ
f
)
sin2
(
φ
2f
)
L3
−2√ξ cos2
(
ψ
f
)
sin
(
φ
f
)
L(φ)5
+4
√
ξ sin
(
2ψ
f
)
sin2
(
φ
2f
)
L(ψ)5 ,
L4 = 4ξ2LDφ + 16 cos4
(
ψ
f
)
sin4
(
φ
2f
)
L6
−16ξ cos2
(
ψ
f
)
sin2
(
φ
2f
)
L(φ)20
+64ξ2 sin4
(
φ
2f
)
LDψ
−64ξ cos2
(
ψ
f
)
sin4
(
φ
2f
)
L(ψ)20 ,
L5 = 4ξ2LDφ + 16 cos4
(
ψ
f
)
sin4
(
φ
2f
)
L11
−16ξ cos2
(
ψ
f
)
sin2
(
φ
2f
)
L(φ)8
+64ξ2 sin4
(
φ
2f
)
LDψ
−64ξ cos2
(
ψ
f
)
sin4
(
φ
2f
)
L(ψ)8 ,
L6 = −2 cos2
(
ψ
f
)
sin2
(
φ
2f
) [
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
L6
+4 cos2
(
ψ
f
)
sin2
(
φ
2f
)
L9
−2ξLφ + 4ξ cos2
(
ψ
f
)
cos2
(
φ
2f
)
L(φ)8
−8ξ sin2
(
φ
2f
)
Lψ + 16ξ sin2
(
ψ
f
)
sin2
(
φ
2f
)
L(ψ)8
−2√ξ cos2
(
ψ
f
)
sin
(
φ
f
)
(L(φ)7 − 2L(φ)10 )
+4
√
ξ sin
(
2ψ
f
)
sin2
(
φ
2f
)
(L(ψ)7 − 2L(ψ)10 ),
L7 = 14
(L4 + L5) ,
L8 = 12L5,
(IV.10)
where L(φ)n ,L(ψ)n are defined by Ln with h replaced with
terms of φ or ψ, respectively, and similarly for LDφ and L
etc. The L7,8 do not give independent contributions since
they can be expressed in linear combinations of other oper-
ators. The traces of four Vµ can be expressed as products of
traces of two Vµ. Therefore, in a whole, there are 2+6 = 8
independent operators. The explicit expression of the low
energy chiral Lagrangian in NMCHM are list in Eq.(C.13)
in Appendix. C. In the absent of the CP-odd singlet, ψ = 0
(s = 0, or h5 = 0), the result just recover Eq.(4.18) in
Ref. [38] in the MCHM.
B. CP-odd sector
1. p2 order: topological θ phase
LB˜ = 0,
L
W˜
= L
W˜
,
The leading order operator with at most two derivative
in terms of (p2) order, is a topological θ phase term for
non-Abelian gauge symmetry in analogous to the QCD θ
term. Namely, in principle, one has EW θ term as a free
parameter in the SM.
2. p4 order: Higgs couplings to gauge bosons
For NMCHM, the dimension four operators in high-
energy effective Lagrangian in Eq.(III.10), are related to
the low energy EW chiral Lagrangian in Eq.(C.14) as
LB˜Σ = −4
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
LB˜ ,
L
W˜Σ
= −4
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
L
W˜
,
L1˜ = 12 cos2
(
ψ
f
)
sin2
(
φ
2f
)
L1˜,
L2˜ = 4 cos4
(
ψ
f
)
sin4
(
φ
2f
) (LB˜ − LW˜ )
+2
√
ξ cos4
(
ψ
f
)
cos
(
φ
2f
)
sin3
(
φ
2f
) (L2˜ + 2L3˜) ,
L3˜ = 0,
(IV.11)
where we list the explicit expressions of CP-odd low energy
chiral effective Lagrangian in Eqs.(C.15). In the last equal-
ity, we have used that L3˜ = ǫµνρσ Tr
(
VµVν
)
Tr
(
VρVσ
)
for
SO(6)/SO(5). It is interesting to observe that, at (p4) or-
der, which can be due to contributions from one loops, the
low energy chiral Lagrangian of the L
B˜,W˜Σ
would lead to
non-vanishing topological θ phase. In the absent of the CP
odd singlet, i.e, ψ = 0 or s = 0, the results just recover
Eq.(4.6) in Ref.[40] for MCHM.
C. High-energy effective Lagrangian for Omega
1. p2 order in Omega representation
In the CCWZ formalism [21, 22], the leading order CP-
even low energy effective Lagrangian with at most two
derivatives is
L(2)eff =
f2
4
Tr (dµd
µ) . (IV.12)
In the radial coordinate (ϕ, ψ), it is straightforward to
check that the leading order Lagrangian just gives [20]
L(2)eff = Lφ + sin2
(
φ
f
)
Lψ
+
1
ξ
cos2
(
ψ
f
)
sin2
(
φ
f
)
LC , (IV.13)
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where LC is the custodial preserving two derivative opera-
tors as defined in Eqs.(C.10) with explicit expression given
in Eq.(C.13). Lφ,ψ is defined in analogy to LH in Eq.(C.9),
which are canonically normalized kinetic terms for the field
φ and the phase ψ. To be more explicitly, the kinetic term
is
L(φ,ψ)kin =
1
2
(∂µφ)
2 +
1
2
sin2
(
φ
f
)
(∂µψ)
2. (IV.14)
The results just recovers Eq.(V.12) in the Cartesian (h, s)
basis. By combing with Eq.(IV.1), this result is consistent
with that in Eq.(A.34) for MCHM in Ref. [38].
2. p4 order in Omega parametrization
The first seven p4 operator in the Ω parametrization
defined in Eq.(III.22) can be expressed in EW chiral La-
grangian as
Ok = −4LW − 4LB,
O1 = cos4
(
ψ
f
)
sin4
(
φ
f
)
L6
−4ξ cos2
(
ψ
f
)
sin2
(
φ
f
)
L(φ)20 + 4ξ2LDφ
−4ξ cos2
(
ψ
f
)
sin4
(
φ
f
)
L(ψ)20 + 4ξ2 sin4
(
φ
f
)
LDψ ,
O2 = cos4
(
ψ
f
)
sin4
(
φ
f
)
L11
−4ξ cos2
(
ψ
f
)
sin2
(
φ
f
)
L(φ)8 + 4ξ2LDφ
−4ξ cos2
(
ψ
f
)
sin4
(
φ
f
)
L(ψ)8 + 4ξ2 sin4
(
φ
f
)
LDψ ,
O+4 = − 14 cos2
(
ψ
f
)
sin2
(
φ
f
)
(L2 + 2L3)
+
√
ξ cos2
(
ψ
f
)
sin
(
φ
f
)
×
(
1− 2 cos2
(
ψ
f
)
sin2
(
φ
2f
))
(L(φ)4 − 2L(φ)5 )
−√ξ sin
(
ψ
f
)
cos
(
ψ
f
)
sin2
(
φ
f
)
×
(
1− 2 cos2
(
ψ
f
)
sin2
(
φ
2f
))
(L(ψ)4 − 2L(ψ)5 ),
O−4 = 14 cos2
(
ψ
f
)
sin2
(
φ
f
)(
1− 2 cos2
(
ψ
f
)
sin2
(
φ
2f
))
×(L2 − 2L3)−
√
ξ cos2
(
ψ
f
)
sin
(
φ
f
)
(L(φ)4 + 2L(φ)5 )
+ 12
√
ξ sin
(
2ψ
f
)
sin2
(
φ
f
)
(L(ψ)4 + 2L(ψ)5 ),
O+5 = − cos2
(
ψ
f
)
sin2
(
φ
f
)
(L1 + 2LB + 2LW ),
O−5 = 4
(
1− 2 cos2
(
ψ
f
)
sin2
(
φ
2f
))
(LB − LW ),
(IV.15)
where the low energy effective Lagrangian Li is defined in
Eq.(C.11). The results are consistent with Eq.(A.34) in
Ref. [38], after combining the known matching results in
Eq.(IV.10). We have also calculated O3 and find the exact
relation as below
O3 = O−5 − 2O−4 . (IV.16)
Thus, O3 is not a linearly independent operator. As a re-
sults, it can be dropped as already neglected in Eq.(IV.15).
It is also worthing of noticing that the first two operators
can also be re-xpressed without expanding the square as
O1 = 16
f4
[
Lφ + sin2
(
φ
f
)
Lψ + 1
ξ
cos2
(
ψ
f
)
sin2
(
φ
f
)
LC
]2
,
O2 = 16
f4
[
1
2
∂µφ∂νφ+ sin
2
(
φ
f
)
1
2
∂µψ∂νψ +
f2
8
sin2
(
ψ
f
)
× cos2
(
ψ
f
)
[g2(W 1µW
1
ν +W
2
µW
2
ν ) + ZµZν ]
]2
. (IV.17)
Thus, when ψ = 0, it is also consistent with Eq.(30) in
Ref [39], by substituting back the EW chiral Lagrangian in
Eq.(C.11) and keep the implicit form.
D. Higgs function for NMCHM
In this section, we express the Higgs functions in the low
energy chiral Lagrangian in terms of the Higgs dependence
on high energy Lagrangian.
1. CP even case
The low energy EW chiral Lagrangian that describing the
CP-even gauge-Goldstone and the gauge-scalar interactions
can be written as
Llow = L
p2
low +L
p4
low, (IV.18)
where the Lagrangian are up to CP-even operators with at
most four derivatives.
For CP-even operators at O(p2) order, i.e., with at most
two derivatives,
L
p2
low =cCLCFC(h) + cTLTFT (h) + cHLHFH(h),(IV.19)
where LT,C are the leading order low energy CP-even chiral
effective Lagrangian introduced in Eq.(C.11) and LH is the
canonically normalized Higgs singlet kinetic term defined
in Eq.(C.9).
The multiplicative terms Fi(h) in terms of the Higgs
functions, are the generic polynomial functions of h. For
composite Higgs model, Fi(h) is the trigonometric func-
tions of h/f . For the NMCHM, the Higgs functions can be
read directly from eq.(IV.1) as
cCFC(h) = 4
ξ
sin2
(
φ
2f
)
cos2
(
ψ
f
)
,
cTFT (h) = 0, cHFH(h) = 1. (IV.20)
For the CP-even operators at (p4) order,
L
p4
low = cBLBFB(h) + cWLWFW (h) +
26∑
i=1
ciLiFi(h)
+cHLHFH(h) + c∆HL∆HF∆H(h)
+cDHLDHFDH(h). (IV.21)
The low energy CP-even chiral effective Lagrangian
LB,W,Li, are introduced in Eq.(C.11) and LH,△H,DH are
the higher order operator denoted in Eq.(C.9).
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From NMCHM, we find the Higgs functions as
cBFB = c¯B − 4cBΣ
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
,
cWFW = c¯W − 4cWΣ
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
,
cDHF (φ)DH = 4ξ2(c4 + c5),
cDHF (ψ)DH = 64ξ2(c4 + c5) sin4
(
φ
2f
)
,
cHF (φ)H = −2ξc6,
cHF (ψ)H = −8c6ξ sin2
(
φ
2f
)
,
c1F1 = c1 cos2
(
ψ
f
)
sin2
(
φ
2f
)
,
c2F2 = c2 cos2
(
ψ
f
)
sin2
(
φ
2f
)
,
c3F3 = 2c3 cos2
(
ψ
f
)
sin2
(
φ
2f
)
,
c4F (φ)4 = c2
√
ξ cos2
(
ψ
f
)
sin
(
φ
f
)
,
c4F (ψ)4 = −2c2
√
ξ sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
c5F (φ)5 = −2c3
√
ξ cos2
(
ψ
f
)
sin
(
φ
f
)
,
c5F (ψ)5 = 4c3
√
ξ sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
c6F6 = 16c4 cos4
(
ψ
f
)
sin4
(
φ
2f
)
−2c6 cos2
(
ψ
f
)
sin2
(
φ
2f
)
×
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
,
c7F (φ)7 = −2c6
√
ξ cos2
(
ψ
f
)
sin
(
φ
f
)
,
c7F (ψ)7 = 4c6
√
ξ sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
c8F (φ)8 = −16c5ξ cos2
(
ψ
f
)
sin2
(
φ
2f
)
+4c6ξ cos
2
(
ψ
f
)
cos2
(
φ
2f
)
,
c8F (ψ)8 = −64c5ξ cos2
(
ψ
f
)
sin4
(
φ
2f
)
+16c6ξ sin
2
(
ψ
f
)
sin2
(
φ
2f
)
,
c9F9 = 4c6 cos2
(
ψ
f
)
sin2
(
φ
2f
)
,
c10F (φ)10 = 4c6
√
ξ cos2
(
ψ
f
)
sin
(
φ
f
)
,
c10F (ψ)10 = −8c6
√
ξ sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
c11F11 = 16c5 cos4
(
ψ
f
)
sin4
(
φ
2f
)
,
c20F (φ)20 = −16c4ξ cos2
(
ψ
f
)
sin2
(
φ
2f
)
,
c20F (ψ)20 = −64c4ξ cos2
(
ψ
f
)
sin4
(
φ
2f
)
,
(IV.22)
where we have made abbreviation for F(h), by dropping
the h dependence. In the absence of the singlet s, i.e.,
ψ = 0, the results recovers the expression for ciFi custodial
preserving operators for the MCHM in Table.1 in Ref. [38]
2. CP odd case
The low energy EW chiral Lagrangian that describing the
CP-odd gauge-Goldstone and the gauge-scalar interactions
can be written as
L˜low = L˜
p2
low + L˜
p4
low, (IV.23)
where
L˜
p2
low =cT˜LT˜FT˜ (h),
L˜
p4
low =LB˜FB˜(h) + LW˜FW˜ (h) +
16∑
i=1
c˜iLi˜Fi˜(h),
(IV.24)
where Fi˜(h) encoded a generic dependence on h but with-
out derivative of h. The low energy CP-odd chiral effective
Lagrangian L
T˜ ,B˜,W˜ ,˜i
are introduced in Eq.(C.14) or more
explicitly shown in Eq.(C.15) in Appendix. C.
From the above relations, we read the Higgs functions as
cB˜FB˜ = −4cB˜Σ
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
+4c2˜ cos
4
(
ψ
f
)
sin4
(
φ
2f
)
,
c
W˜
F
W˜
= c
W˜
− 4c
W˜Σ
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
−4c2˜ cos4
(
ψ
f
)
sin4
(
φ
2f
)
,
c1˜F1˜ = 12c1˜ cos2
(
ψ
f
)
sin2
(
φ
2f
)
,
c2˜F2˜ = 2c2˜
√
ξ cos4
(
ψ
f
)
cos
(
φ
2f
)
sin3
(
φ
2f
)
,
c3˜F3˜ = 4c2˜
√
ξ cos4
(
ψ
f
)
cos
(
φ
2f
)
sin3
(
φ
2f
)
.
(IV.25)
When the CP-odd singlet (s or h5) is absent, i.e., ψ = 0,
this just recovers the results in Table.1 in Ref. [40].
V. HIGGS FUNCTIONS AT THE EW SCALE
A. p2 order: Kinetic terms of Higgs
1. The (φ, ψ) basis: Polar coordinates
The CP-even (p2) order high energy effective Lagrangian
with at most two derivatives is custodial preserving one as
given in Eq.(IV.1) for NMCHM, in the Σ parametrization,
becomes
LC(Σ) = 1
2
(∂µφ)(∂
µφ) + sin2
(
φ
f
)
(∂µψ)(∂
µψ)
+
1
ξ
sin2
(
φ
f
)
cos2
(
ψ
f
)
LC ,
LT (Σ) = 0, (V.1)
where LC is the custodial preserving two derivative opera-
tors as defined in Eqs.(C.10) with explicit expression given
in Eq.(C.13).
After EWSB, the Higgs obtains vev φ → φˆ + 〈φ〉 and
ψ → ψˆ + 〈ψ〉. The SM gauge bosons W and Z, obtains
masses from the last term in LC(Σ) in Eq.(V.1),
Lmass = 1
8
f2ξ
[
g2
(
(W 1µ)
2 + (W 2µ )
2
)
+ (g′Bµ − gW 3µ)2
]
≡ 1
2
m2W [
(
(W 1µ )
2 + (W 2µ)
2
)
+ · · · ], (V.2)
where the W gauge boson mass by definition is
mW =
1
2
gf
√
ξ =
1
2
gf cos
( 〈ψ〉
f
)
sin
( 〈φ〉
f
)
. (V.3)
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To be consistent with the definition of the EW scale v,
defined by the W mass m2W ≡ g2v2/4, it is entailed to
impose that
ξ ≡ 〈h〉
2
f2
= sin2
( 〈φ〉
f
)
cos2
( 〈ψ〉
f
)
, (V.4)
where ξ is the parameter quantifying the d.o.f of the non-
linearity of the Higgs dynamics as defined in Eq.(I.5) or
(IV.3).
In the absence of the singlet s (or h5), one has Lψ = 0,
and Lφ = LH , the above effective Lagrangian just recovers
that in MCHM [10–12]
LC(Σ) = LH + 1
ξ
sin2
(
h
f
)
LC . (V.5)
Equivalently, from linear representation of the fundamen-
tal scalar of SO(6) in Eq.(II.61), one can also write down
the kinetic terms of both a scalar φ and a pseudo scalar ψ,
which correspond to a sphere with standard metric as [19]
Lkin = 1
2
∂µΦ
T∂µΦ =
1
2f2
[(∂µφ)
2 + s2φ(∂µψ)
2], (V.6)
which is consistent with the leading p2 order of the non-
linearly realized effective chiral Lagrangian from the NM-
CHM, as shown in Eq.(V.1) in the next section.
2. The (h, s) basis
In the projection of the h, s parametrization, the kinetic
terms in Eq.(V.6) becomes
Lkin = 1
2f2
(
(∂µh)
2 + (∂µs)
2 +
(h∂µh+ s∂µs)
2
f2 − h2 − s2
)
. (V.7)
by making a rescaling of (h, s) → (fh, fs), so that (h, s)
are dimensionless, the Lagrangian above just recovers that
in the NMCHM [17].
After EWSB, one obtains the splitting parameter as
ξ ≡ v
2
f2
〈ψ〉=0
= sin2
( 〈h4〉
f
)
ξ≪1≈ 〈h4〉
2
f2
, (V.8)
which is a model-dependent relation for three quantities:
the EW scale v, the vev 〈h〉 = v for Higgs singlet and the
strong dynamics breaking scale f . Consider the physical
Higgs excitation h around v, one has
tan
(
h+ v
f
)
=
√
1− ξsh +
√
ξch√
1− ξch +
√
ξsh
, (V.9)
where sh = sin (h/f) and ch = cos (h/f).
In the NMCHM, one can also change from the polar co-
ordinate (φ, ψ) to the Cartesian (h, s) coordinate with the
explicit expression as below:
Lφ → 1
1− ξLH , Lψ →
1
ξ
LS , (V.10)
where we have used Eq.(II.26) to obtain the following useful
identities
sin
φ
f
=
h
f
→ v
f
=
√
ξ,
cos
φ
f
∂µφ =
h∂µh+ s∂µs√
h2 + s2
s=0
= ∂µh,
∂µφ
s=0
=
f√
f2 − h2
∂µh =
∂µh√
1− ξ ,
∂µψ =
f (h∂µs− s∂µh)
h2 + s2
s=0
=
f
h
∂µs→ ∂µs√
ξ
. (V.11)
It turns out that, in the (h, s) field basis, the custodial
preserving terms in the high energy effective Lagrangian in
Eq.(V.1) becomes
LC(Σ) = 1
2
(
(∂µh)
2 + (∂µs)
2 +
(h∂µh+ s∂µs)
2
f2 − h2 − s2
)
+
1
8
h2
[
g2[(W 1µ )
2 + (W 2µ)
2] + (gW 3µ − g′Bµ)2
]
, (V.12)
where the first terms are kinetic terms are not canonically
normalized yet as
L(h,s)kin = (∂µh, ∂µs)K(h, s)(∂µh, ∂µs)T , (V.13)
where K(h, s) is the matrix of kinetic terms with non-
diagonal mixing terms of ∂µh∂
µs,
K(h, s) =
1
2
(
f2−s2
f2−h2−s2
hs
f2−h2−s2
hs
f2−h2−s2
f2−h2
f2−h2−s2
)
. (V.14)
After EWSB, 〈s〉 = vs 6= 0 and 〈h〉 = vh, it can cause
mixing and the eigenvalue matrix is [45]
L(h,s)kin = ∂µ(h, s)
(
F11 F12
F21 F22
)
∂µ
(
h
s
)
→ λ+(∂µh)2 + λ−(∂µs)2,
where
F11 =
1
2
(
1 +
v2h
f2 − v2h − v2s
)
,
F12 = F21 =
1
2
vhvs
f2 − v2h − v2s
,
F22 =
1
2
(
1 +
v2s
f2 − v2h − v2s
)
. (V.15)
The kinetic matrix can be diagonalized with the eigenvalues
are
λ+ =
1
2
1
1− v2h+v2sf2
=
1
2c2〈φ〉
, λ− =
1
2
. (V.16)
In the EWSB case, s = 〈s〉 = vs = 0,
s〈φ〉 =
√
ξ, c〈φ〉 =
√
1− ξ, (V.17)
one has [20]
λ+ =
1
2(1− ξ) , λ− =
1
2
. (V.18)
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Then after rescaling, and the physical singlets can be
expressed as
h→
vh
h√
2λ+
− vs s√
2λ−√
v2h + v
2
s
=
vhhc〈φ〉 − vss√
v2h + v
2
s
vs=0= h
√
1− ξ,
s→
vh
s√
2λ−
+ vs
h√
2λ+√
v2h + v
2
s
=
vhs+ vshc〈φ〉√
v2h + v
2
s
vs=0= s, (V.19)
In the following, for the simplify of our physical results,
we will use this eigen basis from the Σ parametrization
to deduce the physical observables, such as the anomalous
couplings of the Higgs Boson to two gauge bosons, etc. In
the EW vacuum, one needs to impose the
h→ v +
√
1− ξh, s→ s. (V.20)
After redefinition, the kinetic terms are canonically nor-
malized as
L(h,s)kin → Lh + Ls =
1
2
[
(∂µh)
2 + (∂µs)
2
]
, (V.21)
where the kinetic mixing terms are vanishing.
3. The (h4, h5) basis: Cartesian coordinates
When going back to the original (h4, h5) basis instead of
the (h, s) and (φ, ψ) basis, according to Eq.(II.12), or refer
to Table.I, the kinetic term in Eqs.(V.6) or (V.12) can be
expressed more explicitly as
L(h4,h5)kin =
(h4∂µh4 + h5∂µh5)
2
2 (h24 + h
2
5)
+
(h5∂µh4 − h4∂µh5) 2
2 (h24 + h
2
5)
2
f2 sin2
(√
h24 + h
2
5
f
)
= (∂µh4, ∂µh5)K(h4, h5)(∂
µh4, ∂
µh5)
T , (V.22)
where K(h4, h5) is the kinetic matrix with non diagonal
mixing term of ∂µh4∂
µh5 as
K(h4, h5) =
1
2
(
K11 K12
K21 K22
)
, (V.23)
with
K11 =
h24
h24 + h
2
5
+
h25f
2 sin2
(√
h2
4
+h2
5
f
)
(h24 + h
2
5)
2
,
K12 = K21 =
h4h5
h24 + h
2
5
−
h4h5f
2 sin2
(√
h2
4
+h2
5
f
)
(h24 + h
2
5)
2
,
K22 =
h25
h24 + h
2
5
+
h24f
2 sin2
(√
h2
4
+h2
5
f
)
(h24 + h
2
5)
2
. (V.24)
In the absence of h5, the kinetic term just recovers that of
MCHM in leading p2 order high energy effective Lagrangian
of MCHM in Omega representation in Eq.(IV.14).
In the present of SM GBs, one can promote the h4 to be
the SO(4) global invariants as
|H |2 = h21 + h22 + h23 + h24 = (h+ v)2, (V.25)
and relabel the singlet h5 = η. In this case, the kinetic
terms in Eq.(V.22) are promoted to be a more generic one
with
L(H,η)kin =
f2 sin2
(√
|H |2 + η2/f
)
2(|H |2 + η2) [(∂µH)
†∂µH + ∂µη∂µη]
+
[∂µ(|H |2 + η2)]2
8(|H |2 + η2)
1− f2 sin2
(√
|H |2 + η2/f
)
|H |2 + η2
 .
(V.26)
It is also interesting to observe that there the metric in
front of the Higgs kinetic terms L = gab∂µha∂hb/2, can be
expressed with a metric
gab =
f2 sin2
(√
|H |2 + η2/f
)
2(|H |2 + η2) δab. (V.27)
In the strong coupling limit f → ∞, the second term dis-
appear, while the first term just recovers the kinetic terms
of SM Higgs doublet and η
L(H,η)kin
f→∞
=
1
2
[(∂µH)
†∂µH + ∂µη∂µη]. (V.28)
By gauging the theory with replacing ∂µ → Dµ, after
EWSB, in the f ≪ 1 limit, one would expect to obtain the
Lagrangian of SM effective field theory (SMEFT) as a series
of expansion. In the unitary gauge, H†H = |H |2 = (v+h)2
and ∂µ(H
†H) = 2(v+ h)∂µh. This leads to kinetic term of
Higgs singlet as well as gauge boson mass term as
Lh = 1
2
[
∂µh∂
µh+ 2m2W
(
h
v
+ 1
)2
W+µ W
µ−
+m2Z
(
h
v
+ 1
)2
ZµZ
µ
]
, (V.29)
where the charged weak gauge bosons are defined asW±µ ≡
(W 1µ ∓ iW 2µ)/
√
2, the neutral weak gauge boson is Zµ =
gW 3µ − g′Bµ and after EWSB, the bosons W±µ and Zµ ob-
tains mass
m2W =
1
4
g2v2, m2Z =
1
4
(g2 + g′2)v2. (V.30)
B. p4 order: EW chiral Lagrangian coefficients
The EW chiral Lagrangian can be written as
LEWCL ≡ L (2) +L (4), (V.31)
where L (2) denotes the p2 order terms in Eq.(IV.19) and
(IV.24), and L (4) denotes p4 order terms in Eqs.(IV.21)
and (IV.24), which accounts for new interactions and
derivations from the leading order operators.
1. CP-even case
From above equations in Eq.(V.1), or with the aid of
Eq.(IV.20), we can read the Higgs functions corresponding
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to the Lagrangians, respectively, as
cCFC(h) = 1
ξ
sin2
(
φ
f
)
cos2
(
ψ
f
)
=
h2
v2
,
cTFT (h) = 0, cHFH(h) = 1.
(V.32)
Since the custodial breaking operators at the order p2 is
absent, there is no constraint upon cT for NMCHM.
One can read the expansion coefficients of these Higgs
functions in the series up to the order v−2 as will be dis-
cussed in Eq.(V.35) in the next section as below:
cC = 1, aˆC = 0, bˆC = 1;
cT = 0, aˆT = 0, bˆT = 0;
cH = 1, aˆH = 0, bˆH = 0, (V.33)
where cT is related to the EW oblique T -parameter as de-
noted in Eq.(VI.11).
For the Higgs functions associated with CP-even opera-
tors at the order (p4), one has
cBFB = c¯B − 4cBΣ
[
1− ξ2 (1 + hv )− ξ(1− ξ) (1 + hv )2 ],
cWFW = c¯W − 4cWΣ
[
1− ξ2 (1 + hv )− ξ(1− ξ) (1 + hv )2 ],
cDHF (φ)DH = 64ξ2(c4 + c5),
cDHF (ψ)DH = 1024(c4 + c5)ξ4
[ (
1 + hv
)4
+ 2
(
1 + hv
)2 s2
v2
]
cHF (φ)H = −8c6ξ,
cHF (ψ)H = −8c6ξ
[
ξ
(
1 + hv
)
+ (1 − ξ) (1 + hv )2 + s2v2 ],
c1,2F1,2 = c1,2ξ
[
ξ
(
1 + hv
)
+ (1− ξ) (1 + hv )2] ,
c3F3 = 2c3ξ
[
ξ
(
1 + hv
)
+ (1 − ξ) (1 + hv )2] ,
c4F (φ)4 = 2c2ξ
[
ξ + (2− ξ) (1 + hv )− ξ (1 + hv )3] ,
c4F (ψ)4 = −8c2ξ3/2
(
1 + hv
)
s
v ,
c5F (φ)5 = −4c3ξ
[
ξ + (2− ξ) (1 + hv )− ξ (1 + hv )3] ,
c4F (ψ)4 = 16c3ξ3/2
(
1 + hv
)
s
v ,
c6F6 = 16c4ξ2
(
1 + hv
)4 − 2c6ξ (1 + hv )
×
[
ξ + (1 − ξ) (1 + hv )− ξ (1 + hv )3] ,
c7F (φ)7 = −4c6ξ
[
ξ + (2− ξ) (1 + hv )− ξ (1 + hv )3] ,
c7F (ψ)7 = 16c6ξ3/2
(
1 + hv
)
s
v ,
c8F (φ)8 = −64c5ξ2
[
ξ
(
1 + hv
)
+ (1− ξ) (1 + hv )2]
+ 16c6ξ
[
1− ξ2 (1 + hv )− ξ(1− ξ) (1 + hv )2] ,
c8F (ψ)8 = −64c5ξ3
(
1 + hv
)4
+ 16c6ξ
2 s2
v2 ,
c9F9 = 4c6ξ
[
ξ
(
1 + hv
)
+ (1 − ξ) (1 + hv )2] ,
c10F (φ)10 = 8c6ξ
[
ξ + (2− ξ) (1 + hv )− ξ (1 + hv )3] ,
c10F (ψ)10 = −32c6ξ3/2 sv ,
c11F11 = 16c5ξ2
(
1 + hv
)4
,
c20F (φ)20 = −16c4ξ2
(
1 + hv
)2
,
c20F (ψ)20 = −64c4ξ3
(
1 + hv
)2 s2
v2 − 64c4ξ3
(
1 + hv
)4
.
(V.34)
The CP-even anomalous couplings for HEFT from NM-
CHM can be obtained from expanding the Higgs functions
as in the series up to order v2 as [33]
Fi(h) = 1 + 2 aˆi
ci
h
v
+
bˆi
ci
h2
v2
+ · · · , (V.35)
where ci are the global operator coefficients, aˆi ≡ aici and
bˆi ≡ bici. ci are independent of the Higgs functions Fi
while ai and bi are related to anomalous couplings beyond
the SM, which are related to a three- or four-point function,
respectively, e.g, a single or double Higgs scalar, couplings
to two gauge bosons.
For the NMCHM, we find the explicit expression of all
non-vanishing coefficients as
cB = cB − 4cBΣ(1− ξ),
aˆB = 2cBΣξ(2− ξ),
bˆB = 4cBΣξ(1− ξ),
cW = cW − 4cWΣ(1− ξ),
aˆW = 2cWΣξ(2− ξ),
bˆW = 4cWΣξ(1 − ξ),
cDH = 64ξ
2(c4 + c5), aˆDH = 0, bˆDH = 0;
cH = −8ξc6,
aˆH = −4c6ξ(2− ξ),
bˆH = −8c6ξ(1− ξ);
c1,2 = c1,2ξ,
aˆ1,2 = c1,2ξ(2− ξ)/2,
bˆ1,2 = c1,2ξ(1− ξ);
c3 = 2c3ξ,
aˆ3 = c3ξ(2 − ξ),
bˆ3 = 2c3ξ(1− ξ);
c4 = 2c2ξ(2− ξ), aˆ4 = 2c2ξ(1− 2ξ), bˆ4 = −6ξ2c2;
c5 = −4c3ξ(2 − ξ), aˆ5 = −4c3ξ(1− 2ξ), bˆ5 = 12ξ2c3;
c6 = 16ξ
2c4 − 2ξ(1− ξ)c6,
aˆ6 = 32ξ
2c4 − ξ(2 − 5ξ)c6,
bˆ6 = 96ξ
2c4 − 2ξ(1− 7ξ)c6;
c7 = −4c6ξ(2 − ξ), aˆ7 = −4c6ξ(1− 2ξ), bˆ7 = 12c6ξ2;
c8 = −64c5ξ2 + 16c6ξ(1− ξ),
aˆ8 = −32c5(2− ξ)ξ2 − 8c6(2− ξ)ξ2,
bˆ8 = −64c5(1− ξ)ξ2 − 16c6(1 − ξ)ξ2;
c9 = 4c6ξ, aˆ9 = 2c6ξ(2− ξ), bˆ9 = 4c6ξ(1− ξ);
c10 = 8c6ξ(2− ξ), aˆ10 = 8c6ξ(1− 2ξ), bˆ10 = −24c6ξ2;
c11 = 16c5ξ
2, aˆ11 = 32c5ξ
2, bˆ11 = 96c5ξ
2;
c20 = −64c4ξ2, aˆ20 = −64c4ξ2, bˆ20 = −64c4ξ2;
(V.36)
where all higher order than O(ξ2) are dropped.
2. CP-odd case
By doing transformation from Ω to Σ, i.e., by making
redefinition f → f/2 (or ξ → 4ξ) and ψ → ψ/2. In the
canonically normalized basis of h, s, by changing from d
after EWSB, i.e., h → √1− ξh+ vh and s → s, expand it
ξ up to 2nd order and s up to 2nd order too, we have
cB˜FB˜(h) = −4cB˜
[
1− ξ2 (1 + hv )− (1− ξ)ξ (1 + hv )2 ]
+4c2˜ξ
2
(
1 + hv
)4
,
c
W˜
F
W˜
(h) = c
W˜
− 4c
W˜
[
1− ξ2 (1 + hv )
−(1− ξ)ξ (1 + hv )2 ]+ 4c2˜ξ2 (1 + hv )4 ,
c1F1˜(h) = 12c1˜ξ
(
1 + hv
) [
ξ + (1− ξ) (1 + hv )] ,
c2F2˜(h) = 4c2˜ξ2
(
1 + hv
) [ (
1 + hv
)2 − 12 s2v2 ],
c3F3˜(h) = 8c2˜ξ2
(
1 + hv
) [ (
1 + hv
)2 − 12 s2v2 ].
(V.37)
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The CP-odd anomalous couplings for NMCHM can be
obtained from expanding the CP-odd Higgs functions in
Eq.(V.38) as
Fi˜(h)= 1 + 2
aˆ˜i
c˜i
h
v
+
bˆ˜i
c˜i
h2
v2
+ · · · , (V.38)
where aˆ˜i ≡ a˜ic˜i, and bˆ˜i ≡ b˜ic˜i. We find the non-vanishing
coefficients aˆ˜i from NMCHM to be
cB˜ = 4[−(1− ξ)cB˜Σ + ξ2c2˜],
aˆB˜ = 2ξ[(2− ξ)cB˜Σ + 4ξc2˜],
bˆB˜ = 4ξ[(1− ξ)cB˜Σ + 6ξc2˜],
c
W˜
= c
W˜
+ 4[−(1− ξ)c
W˜Σ
+ ξ2c2˜],
aˆ
W˜
= 2ξ[(2− ξ)c
W˜Σ
+ 4ξc2˜],
bˆ
W˜
= 4ξ[(1− ξ)c
W˜Σ
+ 6ξc2˜],
c1˜ =
1
2ξc1˜, aˆ1˜ =
1
4ξ(2 − ξ)c1˜, bˆ1˜ = 12ξ(1− ξ)c1˜;
c2˜ = 4ξ
2c2˜, aˆ2˜ = 6ξ
2c2˜, bˆ2˜ = 12ξ
2c2˜;
c3˜ = 8ξ
2c2˜, aˆ3˜ = 12ξ
2c2˜, bˆ3˜ = 24ξ
2c2˜.
(V.39)
C. Geometric meaning of Higgs functions
1. Coset space curvature
In the (h4, h5) basis above, when the SM GBs are restor-
ing, e.g.,
ϕaˆ ≡ haˆ
h
sin
h
f
, h =
√
haˆhaˆ ∈ SO(5), (V.40)
with aˆ = 1, 2, 3, 4, 5. Then the scalar field becomes
Φ = sin
h
f
(
h1
h
,
h2
h
,
h3
h
,
h4
h
,
h5
h
, cot
h
f
)T
, (V.41)
where h =
√
haˆhaˆ is SO(5) invariant if h
2 = f2 or hˆ = 1.
The Φ is SO(6) invariant since ΦT .Φ = 1. In the absence
of the SM GBs, i.e., ha = 0, it just recovers .
Φ =
(
0, 0, 0,
h4sh√
h24 + h
2
5
,
h5sh√
h24 + h
2
5
, ch
)T
, (V.42)
where h =
√
h24 + h
2
5. Then, the metric of the scalar field
space is [41]
gaˆbˆ(h) ≡ f2
∂Φ
∂haˆ
· ∂Φ
∂hbˆ
=
f2
h2
sin2
h
f
δaˆbˆ +
haˆhbˆ
h2
(
1− f
2
h2
sin2
h
f
)
,(V.43)
where aˆ = 1, . . . , 5. The first term are the diagonal terms,
while the second term includes also non-diagonal terms. In
the strong couplings limit, the metric just becomes flat, i.e.,
δaˆbˆ, in the f →∞ limit. In the (φ, ψ) basis, when the SM
GBs are restoring, i.e., ϕa ∼ ha 6= 0 with a = 1, 2, 3, the
SO(6) invariant scalar can be parameterized as
Φ = sin
h
f
(
h1
h
,
h2
h
,
h3
h
,
φ
h
cos
ψ
f
,
φ
h
sin
ψ
f
, cot
h
f
)T
,(V.44)
where h =
√
haha + φ2 is SO(5) invariant if h
2 = f2 or
hˆ = 1. Considering that φ2 = h24 + h
2
5. When the GBs are
vanishing, i.e., ha = 0, it just recovers that in Eq.(II.61)
in φ − ψ basis. Then, the metric of the scalar field space
manifold is
gaˆbˆ(h) =
f2
h2
sin2
h
f
δαβ +
φ2
h2
sin2
h
f
δψψ
+
hαhβ
h2
(
1− f
2
h2
sin2
h
f
)
, (V.45)
where α = (a, φ), β = (b, φ), and hφ ≡ φ.
In the (h, s) basis, when the SM GBs are restoring, i.e.,
ϕa ≡ ha 6= 0 with a = 1, 2, 3, the scalar becomes
Φ =
1
f
(
h1, h2, h3, h4, h5,
√
f2 − haˆhaˆ
)
, (V.46)
with aˆ = (a, 4, 5) and h4 ≡ h and h5 ≡ s. In the absence
of the GBs, i.e., ha = 0, it just recovers that in Eq.(II.61)
in h− s basis. Then, the metric of the scalar field space is
gaˆbˆ(h) = δaˆbˆ +
haˆhbˆ
f2 − hcˆhcˆ , (V.47)
where aˆ = 1, . . . , 5. The metric is the non-linear transfor-
mation of the SO(5) invariant metric on the GB coset space
SO(6)/SO(5) ≃ S5. This metric will be more convenient
for our purpose of studying the intrinsic curvature of the
scalar space manifold.
Once the metric is obtained, the kinetic terms of the
scalars in SO(6)/SO(5) can be expressed as
L = 1
2
gaˆbˆ∂µΦ
aˆ∂µΦbˆ. (V.48)
Take the last metric above as an example, the non-
vanishing Christoffel symbols are
Γaˆ
bˆcˆ
=
haˆhbˆhcˆ
f2(f2 − h2) , bˆ 6= cˆ,
Γaˆ
bˆbˆ
=
haˆ(f
2 − h2 + h2
bˆ
)
f2(f2 − h2) . (V.49)
The Ricci tensor are
Raˆbˆ =
4haˆhbˆ
f2(f2 − h2) , aˆ 6= bˆ,
Rbˆbˆ =
4(f2 − h2 + h2
bˆ
)
f2(f2 − h2) . (V.50)
The extrinsic curvature of the manifold with normal vector
ncˆ along cˆ direction is
K aˆ
bˆ
=
hcˆ√
f2 − h2cˆ
δaˆ
bˆ
. (V.51)
Thus, the extrinsic curvature is flat along arbitrary cˆ direc-
tion. The intrinsic Ricci curvature of the GBs scalar coset
time is G/H = SO(6)/SO(5) ≃ S5
R =
20
f2
> 0, (V.52)
where the number 20 = 5×4 takes account of the degrees of
freedom of the 5 independent scalars. This positive sign of
R indicates that the scalar under the symmetry of compact
group SO(6) is in a curved spacetime in an analogy to the
de Sitter spacetime with a positive cosmological constant.
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2. Higgs function in coset SO(4)/SO(3)
Similarly, if the SM GBs are introduced in the coset
SO(4)/SO(3) with the non-linear realization, as parame-
terized in Eq.(A.49), the same story above would happen,
namely the GBs also origins from the non-flat metric in-
duced by the EW scale v as shown in Eq.(A.55).
The kinetic energy term of the Higgs can be proposed
from that in the coset as Eq.(A.53) to the SO(4) manifold,
by introducing additional Higgs in fundamental SO(4) H
as the quantum fluctuations along the radial field direction,
are
L ≡ 1
2
gαβ(h)∂µφ
α∂µφβ , (V.53)
where φα = (πa, h) and gαβ(h) is a general metric on
SO(4),
gαβ = diag(F (h)
2gab, ghh), (V.54)
where F (h) is an arbitrary function of radial coordinate
filed h canonically normalized so that allows one to set
F (0) = 1 and ghh = 1. gab is the SO(4) invariant metric on
the scalar coset manifold SO(4)/SO(3) = S3 in Eq.(A.54).
In this case, the Riemann tensor Rαβγδ are
Rabcd ∝ (1− v2F ′2)(gacgbd − gadgbc),
Rahbh ∝ FF ′′gab, (V.55)
where F ′ ≡ ∂F/∂h, F ′′ ≡ ∂2F/∂h2 etc., are derivatives of
F with respect to h. The Ricci tensor Rαβ are
Rab ∝ 1
F 2
(
2
v2
− 2F ′2 − FF ′′
)
gab,
Rhh ∝ F
′′
F
, (V.56)
and the intrinsic Ricci scalar curvature R turns out to be
R =
6
v2
(
1
F 2
− v
2
F 2
(F ′2 + FF ′′)
)
. (V.57)
The exterior curvature with a normal vector along the ra-
dial coordinate direction gives
Kab(n
c) =
πc
F
δab, (V.58)
where δab are diagonal components of the induced metric.
Thus, the extrinsic curvature is flat as before. While the
minimization of the extrinsic curvature along radial direc-
tion will entail that F 6= 0. The Einstein equations Gab = 0
and Ghh = 0 impose the constraints, respectively, as
2FF ′′ + F ′2 =
1
v2
, F ′ =
1
v
, (V.59)
where the second one origins from the vanishing of Riemann
tensor curvature Rabcd in Eq.(V.55) above. These equations
together gives the solution to F (h) for the Higgs kinetic
energy term
FSM(v) = C +
h
v
, (V.60)
where integral constant C = 1 is determined by imposing
F (0) = 1. This just reproduce the Higgs function in front
of the kinetic terms of SM would-be goldstone bosons in
Eq.(V.29), where the d.o.f of GBs are transferred to the
gauge boson masses after EWSB due to Higgs mechanism.
When expanding the non-flat metric of SM GBs in
Eq.(V.62) in power series of 1/v, we just obtains the
L = 1
2
(∂µh)(∂
µh) +
1
2
(
1 +
h
v
)2
∂µ~π · ∂µ~π
+
1
v2
(
1 +
h
v
)2
(~π · ∂µ~π)2 + . . . , (V.61)
where . . . denotes the higher order multi-interactions terms.
It worthy of noticing that the GBs are derivatively coupled.
3. Higgs function beyond the SM
For NMCHM, the kinetic terms of the Higgs sector in
Eq.(V.62) will be
L = 1
2
F (h)2gab∂µπ
a∂µπb +
1
2
∂µh∂
µh, (V.62)
where the Higgs function F will not be that for the SM as in
Eq.(V.60). For NMCHM, the coset space SO(6)/SO(5) ≃
S5, the scalar in Eq.(V.44) becomes
Φ = f sin
h
f
(
hˆ1, hˆ2, hˆ3, hˆ4, hˆ5, cot
h
f
)T
, (V.63)
where h ≡ √haˆhaˆ with aˆ = 1, . . . , 5. The vacuum of SO(5)
is 〈Φ〉 = (0, 0, 0, 0, 0, f)T . The kinetic action is
L = f
2
2
sin2
(
h
f
)
∂µh
aˆ∂µhaˆ +
1
2
∂µh∂
µh. (V.64)
By setting set h5 = 0, the scalar above recovers those in
coset space SO(5)/SO(4) ≃ S4 as [42, 43],
Φ = f sin
h
f
(
hˆ1, hˆ2, hˆ3, hˆ4, 0, cot
h
f
)T
, (V.65)
where h ≡ √hαhα with α = 1, 2, 3, 4. The kinetic terms
becomes
L = f
2
2
sin2
(
h
f
)
∂µhˆ
α∂µhˆα +
1
2
∂µh∂
µh. (V.66)
By comparing with the kinetic terms of Higgs and GBs with
those in Eq.(V.62), one obtains the identity that
F (h)2 =
f2
v2
sin2
(
h4
f
)
, (V.67)
where h4 = h+ v4 in the f ≫ 1 limit and h is the quantum
fluctuations of Higgs. By using the vevs identities denoted
in Eq.(V.8) as
v4
f
= arcsin
(
v
f
)
, (V.68)
where v4 = 〈h4〉. One can re-express the Higgs function
and expand it as
F (h) = cos
(
h
f
)
+
f
v
√
1− v
2
f2
sin
(
h
f
)
≈ 1 + h
v
√
1− v
2
f2
− h
2
2f2
− h
3
6f2v
√
1− v
2
f2
+ . . . , (V.69)
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which in the strong coupling limit f →∞, the scalar man-
ifold tends to be flat, the result above just reduces to the
SM Higgs function in Eq.(V.60).
Thus, the matching of the High energy effective La-
grangian of the model to the low energy effective EW chiral
Lagrangian, leads to the Higgs functions, encoding the in-
formation of Higgs non-linearity.
VI. CONNECTION TO PHYSICAL
OBSERVABLES
In this section, in order to compare our results to the
physical observables, we adopt to the following procedure:
Firstly, we need to change the GB matrix in Eq.(IV.1) in
the Ω parametrization to those in the Σ parametrization.
This can be realized by making the shift f → f/2 (or ξ →
4ξ) and ψ → ψ/2 as Eq.(II.22).
Secondly, for the NMCHM, since the kinetic terms of
h, s are not canonically normalized at the stage, we need
to make eigenstate basis transformation as in Eq.(V.19), in
order to obtain the canonically normalized kinetic terms of
Higgs h and s.
Thirdly, in order to compare our results to the physical
observables below TeV scale, we need to consider the EW
vacuum expectation value v after EWSB. Therefore, we
make h → v +√1− ξh and s → s, and expand up to 2nd
order of ξ.
A. Phenomenology of scalar sector
The scalar is a PNGB singlet with no EW charge, which
could be light. At the low energy, the phenomenology of
scalar sector of the model is very similar to that of the
singlet extended standard model. The singlet scalar s could
be a dark matter candidate, if it satisfies a Z2 symmetry in
the Lagrangian below.
1. Higgs kinetics and self interactions
The kinetic terms of h and s, as well as mass term
of the gauge boson, can be obtained from p2 order La-
grangian in Eq.(V.13) after EWSB, by transforming (h, s)
into the canonically normalized eigen-state with the aid of
Eq.(V.19), one obtains
Leign = 1
2
(∂µh)(∂
µh)
(
1 + 2ahh
h
v
+ bhh
h2
v2
+ bhs
s2
v2
+ · · ·
)
+
1
2
(∂µs)(∂
µs)
(
1 + 2ash
h
v
+ bsh
h2
v2
+ bss
s2
v2
+ · · ·
)
+∂µh∂
µs
(
cs
s
v
+ dhs
hs
v2
+ · · ·
)
− Veff(h, s)
+
(
1 + 2aV h
h
v
+ bV h
h2
v2
+ bV s
s2
v2
+ bV hs
hs
v2
+ · · ·
)
×
(
m2WM
+
µ W
−µ +
1
2
m2ZZµZ
µ
)
, (VI.1)
where Veff(h, s) is the effective Higgs potential given in
Eq.(VI.4), and · · · denotes higher dimensional terms. From
above expansion, one can read the
ahh =
ξ√
1− ξ , bhh =
ξ(1 + 3ξ)
1− ξ , bhs =
ξ2
1− ξ ;
ash = 0, bsh = 0, bss =
ξ
1− ξ ;
cs =
ξ√
1− ξ , dhs =
ξ(1 + ξ)
1− ξ ;
aV h =
√
1− ξ, bV h = 1− ξ, bV s = 0, bV hs = 0, (VI.2)
which are consist with those list in Table.1 in Ref. [20].
Since bV hs = 0, the above action has a Z2 symmetry for
the singlet scalar s.
2. Higgs potential
Given an effective Higgs portential Veff(h, s) is dynam-
ically generated, e.g., through the Coleman-Weinberg po-
tential approach, the Higgs potential can be parameterized
as
Veff(h, s) =
µ2h
2
h2 +
λh
4
h4 +
µ2s
2
s2 +
λs
4
s4 +
λ
2
h2s2.(VI.3)
After making transformation to eigen-state, one has
Veff =
m2h
2
h2 +
λh3
2
h3v +
λh4
4
h4 +
m2s
2
s2
+
λhs2
2
hs2 +
λs4
4
s4 +
λh2s2
2
h2s2, (VI.4)
where
m2h = (µ
2
h + 3v
2λh)(1− ξ), m2s = µ2s + λv2,
λh3 = 2λh(1− ξ)3/2, λh4 = λh(1− ξ)2, λs4 = λs,
λhs2 = 2λ
√
1− ξ, λh2s2 = 2λ(1− ξ). (VI.5)
By using the model dependent relations as those in
Eq.(II.8), the effective Higgs portal in the NMCHM up to
quartic order can be parameterized as [20]
Veff = −γ cos2
(
ψ
f
)
sin2
(
φ
f
)
+ β cos4
(
ψ
f
)
sin4
(
φ
f
)
+δ sin2
(
φ
f
)
+ σ cos2
(
ψ
f
)
sin4
(
φ
f
)
+ χ sin4
(
φ
f
)
ψ=0
= −γ¯ sin2
(
φ
f
)
+ β¯ sin4
(
φ
f
)
, (VI.6)
where γ¯ ≡ γ − δ, and β¯ ≡ β + σ + χ with
γ = −f
2
2
(µ2h − µ2s), β =
f4
4
(λh + λs − 2λ),
δ =
f2
2
µ2s, σ =
f4
2
(λ− λs), χ = f
4
4
λs. (VI.7)
From which, the parameters can also re-express the free
parameters of the Higgs potential as
µ2h = −
2
f2
γ¯, µ2s =
2δ
f2
,
λh =
4β¯
f4
, λ =
2(σ + 2χ)
f4
, λs =
4χ
f4
. (VI.8)
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By minimizing the Higgs potential after EWSB, one obtains
EW vev,
v2 = −µ
2
h
λh
, ξ =
γ¯
2β¯
. (VI.9)
Thus, by making the transformation to the mass eigen
state, one can read the physical Higgs h and the singlet
s mass as{
m2h = 2λhv
2(1− ξ) = 8β¯v2 (1− ξ)ξ2,
m2s = µ
2
s + λv
2 = 2v2 [δ + (σ + 2χ)ξ]ξ,
(VI.10)
and there is no mixing term, i.e., mhs = 0.
B. Low energy EWPT oblique parameters
The Wilson coefficients ci (or c˜i for CP-odd case) in
the low energy effective chiral Lagrangian, are related to
the most significant EW oblique parameters from EWPT
due to two-point functions, i.e. the S and T parame-
ter [53], which parameterize new physics contributions to
electroweak radiative corrections. For examples, the EW
oblique parameters S and T are related to c1 and cT , re-
spectively, as [54]
αem∆S = −8e2c1, αem∆T = 2cT , (VI.11)
where αem = e
2/(4π). In the NMCHM, we have
c1 = c1ξ, cT = 0. (VI.12)
C. Triple anomalous gauge-boson couplings
1. CP-even case
The triple gauge-boson couplings in the pure weak boson
sector [27, 50, 52] can be parameterized as
LWWVeff,CP = −igWWV
[
κVW
+
µ W
−
ν V
µν
+gV1
(
W+µνW
−µV ν −W+µ VνW−µν
)
−igV5 ǫµνρσ
(
W+µ ∂ρW
−
ν −W−ν ∂ρW+µ
)
Vσ
+gV6 (∂µW
+µW−ν − ∂µW−µW+ν)Vν
]
,
(VI.13)
where V ≡ {γ, Z} and are
gWWγ = gsθ ≡ e, gWWZ = gcθ, (VI.14)
where e is the electric charge. The chiral Lagrangian con-
tributes to the anomalous cubic couplings as [52]
∆κγ = −2 e2s2
θ
(
c¯1 − c¯2 − c¯3
)
ξ,
∆κZ = 2e
2
(
2
c2θ
c¯1 − 1c2
θ
c¯2 +
1
s2
θ
c¯3
)
ξ,
∆gZ1 =
2e2
s2
θ
1
c2
θ
( s2θ
c2θ
c¯1 + c¯3
)
ξ,
∆gZ5 = 0,
∆gγ6 = −4 e
2
s2
θ
c¯6ξ,
∆gZ6 = 4
e2
c2
θ
c¯6ξ.
(VI.15)
It is obvious that, from the high-energy view point, the
anomalous triple gauge couplings of SM comes from L1,2,3,6
for NMCHM.
2. CP-odd case
The CP-odd triple gauge boson couplings can be param-
eterized as [37, 49]
LWWV
eff,✟✟CP
= gWWV
[− iκ˜VW †µWν V˜ µν
+gV4 W
†
µWν (∂
µV ν + ∂νV µ)
+g˜V6
(
W †ν ∂µW
µ +Wν∂µW
†µ)V ν
+g˜V7 W
†
µW
µ∂νVν
]
,
LZZZ
eff,✟✟CP
= g˜3ZZµZ
µ∂νZ
ν ,
(VI.16)
where [37]
∆κ˜γ = − 2e2s2
θ
c¯1˜ξ, ∆κ˜Z =
2e2
c2
θ
c¯1˜ξ,
∆gγ4 = 0, ∆g
Z
4 = 0,
∆g˜γ6 = 0, ∆g˜
Z
6 = 0,
∆g˜γ7 = 0, ∆g˜
Z
7 = 0,
∆g˜3Z = 0.
(VI.17)
It is obvious that, from the high-energy view point, the CP
violating anomalous triple gauge couplings comes only from
L1˜ for NMCHM.
D. Quartic anomalous gauge-boson couplings
The effective Lagrangian of quartic gauge bosons can be
parameterized as [27, 52]
L V
4
eff = g
2
[
g
(1)
ZZ (ZµZ
µ)2 + g
(1)
WWW
+
µ W
+µW−ν W
−ν
−g(2)WW
(
W+µ W
−µ)2
+g
(3)
V V ′W
+µW−ν
(
VµV
′
ν + V
′
µVν
)
−g(4)V V ′W+µ W−µV νV ′ν + ig(5)V V ′eµνρσW+µ W−ν VρV ′σ
]
,
(VI.18)
where non-vanishing at the tree level in the SM are
g
(1)SM
WW =
1
2 , g
(2)SM
WW =
1
2 ,
g
(3)SM
ZZ =
c2θ
2 , g
(3)SM
γγ =
s2θ
2
g
(3)SM
Zγ =
s2θ
2 , g
(4)SM
ZZ = c
2
θ,
g
(4)SM
γγ = s2θ, g
(4)SM
Zγ = s2θ.
(VI.19)
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The chiral Lagrangian contributes to the anomalous quartic
couplings as [27, 52]
∆g
(1)
WW =
e2
4s2
θ
[
8
( s2θ
c2θ
c¯1 + c¯3
)
ξ + 32c¯5ξ
2
]
,
∆g
(2)
WW =
e2
4s2
θ
( s22θ
e2c2θ
cT +
8s2θ
c2θ
c1 + 4c3 − 4c6 − 12cH
−2c11 − 16c12 + 8c13
)
,
= e
2
4s2
θ
[( 8s2θ
c2θ
c¯1 + 8c¯3 + 12c¯6
)
ξ
−8(8c¯4 + 4c¯5 + c¯6)ξ2],
∆g
(1)
ZZ =
e2
4s2
θ
1
c4
θ
(
c6 +
1
8cH + c11 + 2c23 + 2c24 + 4c26
)
,
= e
2
4s2
θ
1
c4
θ
[ − 3c¯6ξ + 2 (8 (c¯4 + c¯5) + c¯6) ξ2],
∆g
(3)
ZZ =
e2
4s2
θ
1
c2
θ
( s22θc2θ
e2c2θ
cT +
2s22θ
c2θ
c1 + 4c
2
θc3 − 2s4θc9 + 2c11
+4s2θc16 + 2c24
)
,
= e
2
4s2
θ
1
c2
θ
[( 2s22θ
c2θ
c¯1 + 8c
2
θ c¯3 − 8s4θ c¯6
)
ξ + 32c¯5ξ
2
]
,
∆g
(4)
ZZ =
e2
4s2
θ
1
c2
θ
( 2s22θ
e2
c2θ
c2θ
cT +
4s22θ
c2θ
c1 + 8c
2
θc3
−4c6 − 12cH − 4c23
)
,
= e
2
4s2
θ
1
c2
θ
[
4
( s22θ
c2θ
c¯1 + 4c
2
θ c¯3 + 3c¯6
)
ξ
−8 (8c¯4 + c¯6) ξ2
]
,
∆g
(3)
γγ =
e2
4s2
θ
s2θ(−2c9),
= e
2
4s2
θ
s2θ(−8c¯6)ξ,
∆g
(3)
γZ =
e2
4s2
θ
sθ
cθ
( s22θ
e2c2θ
cT +
8s2θ
c2θ
c1 + 4c3 + 4s
2
θc9 − 4c16
)
,
= 2e
2
s2
θ
sθ
cθ
( s2θ
c2θ
c¯1 + 2s
2
θ c¯6 + c¯3
)
ξ,
∆g
(4)
γZ =
4e2
s2
θ
sθ
cθ
( s2θ
c2θ
c¯1 + c¯3
)
ξ,
∆g
(5)
γZ = 0.
(VI.20)
From the high-energy view point, the anomalous triple
gauge couplings of SM comes from L1,2,3,4,5,6 for NMCHM.
E. HV V anomalous couplings
1. CP-even case
The anomalous couplings of the Higgs bosons can be pa-
rameterized as [26, 27, 52]
LHVVeff ,CP = gHγγAµνAµνh
+g
(1)
HZγAµνZ
µ∂νh+ g
(2)
HZγAµνZ
µνh
+g
(1)
HZZZµνZ
µ∂νh+ g
(2)
HZZZµνZ
µνh
+g
(3)
HZZZµZ
µh+ g
(4)
HZZZµZ
µ
h
+g
(5)
HZZ∂µZ
µZν∂
νh+ g
(6)
HZZ (∂µZ
µ)2h
+g
(1)
HWW
(
W+µνW
−µ∂νh+ h.c.
)
+g
(2)
HWWW
+
µνW
−µνh
+g
(3)
HWWW
+
µ W
−µh+ g(4)HWWW
+
µ W
−µ
h
+g
(5)
HWW (∂µW
+µW−ν ∂
νh+ h.c.)
+g
(6)
HWW ∂µW
+µ∂νW
−νh,
(VI.21)
where the contribution of the anomalous couplings are sep-
arated from that of the SM one as
g
(i)
HV V ≈ g(i)SMHV V +∆g(i)HV V , (VI.22)
where V = {γ, Z,W±}. All the tree-level SM coupling
above vanish, except the followings:
g
(3)SM
HZZ =
e2
4v
m2Z
e2
(−2cH) = −m
2
Z
2v
,
g
(3)SM
HWW =
e2
4v
m2Zc
2
θ
e2
[−4(cH + cC)] = −2m
2
W
v
.(VI.23)
The anomalous coefficients are related to the coefficients of
low energy effective chiral Lagrangian as [26, 27, 51, 52]
∆gHγγ =
e2
4v
[− 8 (c¯BΣ + c¯WΣ − c¯1) ξ
+4 (c¯BΣ + c¯WΣ − c¯1) ξ2
]
,
∆g
(1)
HZγ =
e2
4v
1
s2θ
[−32 (c¯2 − c¯3) ξ + 64 (c¯2 − c¯3) ξ2] ,
∆g
(2)
HZγ =
e2
4v
cθ
sθ
[
8
c2
θ
(
2s2θ c¯BΣ − 2c2θ c¯WΣ + c2θ c¯1
)
ξ
− 4
c2
θ
(
2s2θ c¯BΣ − 2c2θ c¯WΣ + c2θ c¯1
)
ξ2
]
,
∆g
(1)
HZZ =
e2
4v
1
c2
θ
[
16
(
c¯2 +
c2θ
s2
θ
c¯3
)
ξ − 32(c¯2 + c2θs2
θ
c¯3
)
ξ2
]
,
∆g
(2)
HZZ = − e
2
4v
c2θ
s2
θ
[
8
(s4θ
c4
θ
c¯BΣ + c¯WΣ +
s2θ
c2
θ
c¯1
)
ξ
−4(s4θ
c4
θ
c¯BΣ + c¯WΣ +
s2θ
c2
θ
c¯1
)
ξ2
]
,
∆g
(3)
HZZ = 0,
∆g
(4)
HZZ = − e
2
4v
1
s2
2θ
(−64c¯6ξ + 128c¯6ξ2) ,
∆g
(5)
HZZ = − e
2
4v
1
s2
2θ
(
128c¯6ξ − 256c¯6ξ2
)
,
∆g
(6)
HZZ = − e
2
4v
1
s2
2θ
(
64c¯6ξ − 32c¯6ξ2
)
,
∆g
(1)
HWW =
e2
4v
1
s2
θ
(64c¯3ξ − 32c¯3ξ2),
∆g
(2)
HWW =
e2
4v
1
s2
θ
(−16c¯WΣξ + 8c¯WΣξ2),
∆g
(3)
HWW =
e2
4v
m2Zc
2
θ
e2
32e2
c2θ
c¯1ξ,
∆g
(4)
HWW = − e
2
4v
1
s2
θ
(−32c¯6ξ + 64c¯6ξ2),
∆g
(5)
HWW = − e
2
4v
1
s2
θ
(32c¯6ξ − 64c¯6ξ2),
∆g
(6)
HWW = − e
2
4v
1
s2
θ
(32c¯6ξ − 16c¯6ξ2).
(VI.24)
It is obvious that, the CP-even anomalous couplings
∆g
(1,2,3)
HV V of SM comes from operators LBΣ,WΣ,1,2,3, while
the additional ∆g
(4,5,6)
HV V all attribute to one operator L6 in
the high energy.
2. CP-odd case
The anomalous couplings of the CP-odd interactions in-
volving the Higgs to two gauge bosons can be parameterized
as [37, 49]
LHVV
eff ,✟✟CP
= g˜HγγhAµνA˜
µν + g˜HZγhAµν Z˜
µν
+g˜
(2)
HZZhZµνZ˜
µν + g˜
(2)
HWWhW
+
µνW˜
−µν
+
[
g˜
(1)
HWW
(
W+µνW
−µ∂νh
)
+ h.c.
]
+
[
g˜
(5)
HWW (∂µW
+µW−ν ∂
νh) + h.c.
]
,
(VI.25)
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where the anomalous CP-odd HV V couplings at the tree
level are [37]
g˜Hγγ =
4e2
v
[
1
2
(−2c¯B˜Σ − c¯W˜Σ + c¯1˜) ξ
+ 14
(
2c¯B˜Σ + c¯W˜Σ − c¯1˜ − 24c¯2˜
)
ξ2
]
g˜HZγ = − 8e
2sθ
vcθ
[− 1
4s2
θ
(
4s2θ c¯B˜Σ − 2c2θ c¯W˜Σ + c2θ c¯1˜
)
ξ
+ 1
8s2
θ
(
4s2θ c¯B˜Σ − 2c2θ c¯W˜Σ + c2θ c¯1˜
+8c¯2˜
(
6c2θ − 1
) )
ξ2
]
g˜
(2)
HZZ =
4e2s2θ
vc2
θ
[− 1
2s4
θ
(
2s4θ c¯B˜Σ + c
4
θ c¯W˜Σ + c
2
θs
2
θ c¯1˜
)
ξ
+ 1
4s4
θ
(2s4θ c¯B˜Σ + c
4
θ c¯W˜Σ + c
2
θs
2
θ c¯1˜
+ [−8c2θ − 3 (c4θ + 3)] c¯2˜)ξ2
]
g˜
(1)
HWW = 0,
g˜
(2)
HWW = − 2e
2
vs2
θ
(
2c¯
W˜Σ
ξ +
(
20c¯2˜ − c¯W˜Σ
)
ξ2
)
,
g˜
(5)
HWW = 0.
(VI.26)
From the high energy viewpoint, the CP-odd anoma-
lous couplings ∆g
(1,2,3)
HV V of SM comes from operators
L
B˜Σ,W˜Σ,1˜,2˜,3˜
for NMCHM.
3. HV V V anomalous couplings
The anomalous couplings of the Higgs to the three gauge
bosons, i.e., HV V V can be parameterized as [52]
LHVVVeff ,CP = g(1)HWWZ [i(∂µW−µ)(ZνW+ν)h+ h.c.]
+g
(1)
HWWA[i(∂µW
−µ)(AνW+ν)h+ h.c.]
+g
(2)
HWWZ [i(ZµW
+µ)(W−ν ∂
νh) + h.c.]
+g
(2)
HWWA[i(AµW
+µ)(W−ν ∂
νh) + h.c.],
(VI.27)
where the anomalous couplings gHV V V turns out to be [52]
∆g
(1)
HWWZ =
e2g2
c2
θ
( 8v c¯6ξ − 4v c¯6ξ2),
∆g
(1)
HWWA = −eg2( 8v c¯6ξ − 4v c¯6ξ2),
∆g
(2)
HWWZ = − e
2g
2cθ
(16v c¯6ξ − 32v c¯6ξ2),
∆g
(2)
HWWA =
eg2
2 (
16
v c¯6ξ − 32v c¯6ξ2).
(VI.28)
All of theHV V V anomalous couplings origins from one sin-
glet operator L6 from a high-energy view point, instead of
depending upon different EWCL operators, such as L9,10,
respectively.
4. HHV V anomalous couplings
The anomalous couplings of the two Higgs to two gauge
bosons, i.e., HHV V can be parameterized as [52]
LHHVVeff ,CP = g(1)HHWWW+µ W−µh2 + g(2)HHWWW+µ W−µ(h2)
+g
(3)
HHWWW
+
µ W
−
ν ∂
µh∂νh
+g
(4)
HHWW (∂µW
+µ)(∂νW
−ν)h2
+g
(5)
HHWW [(∂µW
+µ)(W−ν ∂
νh)h+ h.c.]
+g
(1)
HHZZZµZ
µh2 + g
(2)
HHZZZµZ
µ
h2
+g
(3)
HHZZ(Zµ∂
µh)2 + g
(4)
HHZZ (∂µZ
µ)2h2
+g
(5)
HHZZ(∂µZ
µ)(Zν∂
νh)h2
(VI.29)
where the only non-vanishing couplings at the tree level in
the SM are
g
(1)SM
HHWW =
g2
4
, g
(1)SM
HHZZ =
g2
8c2θ
. (VI.30)
The anomalous couplings of gHHV V turns out to be [52]
∆g
(1)
HHWW = 10g
2m2hc¯6ξ,
∆g
(2)
HHWW = − 12g
2
v2 c¯6ξ
2,
∆g
(3)
HHWW = 0,
∆g
(4)
HHWW = − 4g
2
v2 c¯6ξ +
4g2
v2 c¯6ξ
2,
∆g
(5)
HHWW =
24g2
v2 c¯6ξ
2;
∆g
(1)
HHZZ =
5g2m2h
c2
θ
c¯6ξ,
∆g
(2)
HHZZ = − 6g
2
v2c2
θ
c¯6ξ
2,
∆g
(3)
HHZZ = 0,
∆g
(4)
HHZZ = − 2g
2
v2c2
θ
c¯6ξ +
2g2
v2c2
θ
c¯6ξ
2,
∆g
(5)
HHZZ =
24g2
v2c2
θ
c¯6ξ
2.
(VI.31)
It is intriguing to observe that all of the HHV V anoma-
lous couplings also origins from one singlet operator L6
from a high-energy view point. Even though they may ob-
tains contributions from different EWCL operators, such
as LH,7,8,9,10.
VII. CONCLUSIONS
In summary, we have studied the effective field theory
in the minimal composite Higgs model based upon the
SO(6)/SO(5) symmetry breaking pattern up to p4 order
in the CCWZ formalism. The vacuum misalignment is
parametrized by a rotation angle in the coset space in the
effective Lagrangian framework. In order to match with
the electroweak chiral Lagrangian, we re-parametrize the
pseudo-Goldstone boson fields as (h, s), and obtain the con-
nection between the high energy effective Lagrangian and
the low energy effective electroweak chiral Lagrangian with
the Higgs function dependences. By expanding in the de-
coupling limit, i.e., f → ∞, one would expect to recover
the linearly realized SM Higgs theory.
Regarding to the connection between the high energy ef-
fective Lagrangian for the NMCHM and the low energy
effective chiral Lagrangian, several main results are in or-
der:
• Both CP-even and CP-odd operators, and both the
Omega and Sigma parametrizations are considered.
• Exact relations between definitions of polar, Carte-
sian and mixing coordinate of fields are provided.
• The complete explicit expression of CCWZ formalism
are provided.
• All the exact Higgs functions in the electroweak chiral
Lagrangian are presented, which exactly recover the
Higgs function in the SO(5)/SO(4) composite Higgs
model, in the absent of singlet s.
• Higgs functions are analytic functions of Lorentz in-
variant scalar, observables in ultra-relativistic limit.
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• The Higgs functions in the effective Lagrangian origin
from the Riemann curvature on the non-flat pseudo-
Nambu-Goldstone boson scalar manifold, and incor-
porate the Higgs non-linearity/vacuum misalignment
effects in the next minimal composite Higgs model.
• Linear and nonlinear representation are related by a
field redefinition, which implies diffeomorphism co-
variance, or general covariance, thus the invariant
measure as curvature in curved group manifold.
• After canonical normalization of the kinetic term, we
obtain all the Higgs couplings deviated from the stan-
dard model ones extracted from the Higgs functions.
• Higgs self couplings, anomalous triple and quartic
gauge couplings, anomalous couplings of Higgs to
gauge bosons are given, as criteria for detecting the
physics beyond the SM.
• The singlet can be light and plays a role a dark mat-
ter candidate, in the singlet extended standard model
with an additional Z2 symmetry in scalar sector.
In the Higgs effective theory, we could obtain the Wilson
coefficients derived from the corresponding Higgs functions
in the v → ∞ limit. At the p2 order, the correspond-
ing expansion coefficients are related to the EW oblique
parameter S, T constrained by the EWPT. While at the
p4 order, they are related to the anomalous couplings of
triple or quartic gauge bosons, the anomalous couplings
coefficients of Higgs to gauge bosons, etc. Some of these
couplings are constrained by the precision measurements
of the Higgs self couplings at the LHC. The future colliders
will also be able to explore some of these couplings, such as
VVH and VVHH couplings. We will leave this study to the
future work. Finally the phenomenology of the scalar sin-
glet could be quite interesting, such as the collider searches
for such scalar, and its cosmological implications, etc.
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Appendix A: SO(N) generators and Higgs
representation
1. Generators of SO(6) group
In SO(6), there are 15 generators denoted with 10 gener-
ators of the unbroken SO(5) as T a = {T aL/R, Tα} with a =
1, 2, 3, α = 1, 2, 3, 4 and 5 generators of coset SO(6)/SO(5)
as T aˆ = {T αˆ, T 5ˆ} with αˆ = 1, 2, 3, 4. Among these genera-
tors, {T aL/R} belongs to the SU(2)L × SU(2)R ≃ SO(4) ⊂
SO(5), {Tα} belong to the coset SO(5)/SO(4). T 5ˆ be-
longs to the SO(2) ⊂ SO(6). These generators satisfy the
normalization conditions as
Tr[T aˆT bˆ] = δaˆbˆ, Tr[T aˆT b] = δaˆb, Tr[T aT b] = δab.(A.1)
The 5 generators of the coset SO(6)/SO(5) can be writ-
ten in a compact form as [20, 46]
(
T aˆ
)
ij
≡ 1√
2
(
T aˆ6
)
ij
=
i√
2
(
δ6i δ
aˆ
j − δ6j δaˆi
)
, (A.2)
where aˆ = 1, . . . , 5, i, j = 1, . . . 6. It can also be expressed
as 5 = 4+ 1S ∈ SO(4)⊕ SO(2) as
(T αˆ)ij ≡ 1√
2
(T αˆ6)ij =
i√
2
(
δ6i δ
αˆ
j − δ6j δαˆi
)
, αˆ = 1, 2, 3, 4,
(T 5ˆ)ij ≡ 1√
2
(T 5ˆ6ˆ)ij =
i√
2
(
δ6i δ
5ˆ
j − δ6j δ5ˆi
)
, (A.3)
where T 5ˆ ≡ TS is the generators of SO(2), with S denotes
singlet. If the unbroken symmetry is SO(4) × SU(2) with
9 generators or SO(4) × SO(2) with 7 generators instead
of SO(5) with 10 generators, then there are 6, 8 instead of
5 NGBs will be present in the end. If one breaks SO(6)
down to instead SO(5) but SO(4)× SO(2), the symmetry
breaking pattern SO(6)/SO(4)×SO(2) leads to 4+4 con-
sists the elements of a composite two Higgs doublet model
(2HDM) [47]. In this case, T αˆ become unbroken generators.
The 5 generators of the coset SO(6)/SO(5) in 6 by 6
matrix includes 3 ∈ SU(2)α ⊂ SO(4) as
T 1ˆ =
i√
2
 02 02 −e102 02 0
eT1 0
 ,
T 2ˆ =
i√
2
 02 02 −e202 02 0
eT2 0
 ,
T 3ˆ =
i√
2
 02 0202 02 −e10
eT1 0
 , (A.4)
where 02 ≡ diag(0, 0), and e1,2 are eigen-vectors of Pauli
matrix as
e1 = (1, 0)
T , e2 = (0, 1)
T . (A.5)
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The broken generator along the EW symmetry breaking
direction is denoted as T 4ˆ as a 6 by 6 matrix as
T 4ˆ =
i√
2
 02 0202 02 −e20
eT2 0
 ,
T 5ˆ =
i√
2
 02 0202 02 0 −1
1 0
 , (A.6)
where T 5ˆ is the generator of SO(2) and 02 ≡ diag(0, 0).
It can be check that all generators are normalized as
Tr[T aLT
b
L] = δ
ab, Tr[T aRT
b
R] = δ
ab, Tr[T aˆT bˆ] = δaˆbˆ, (A.7)
and they satisfy the commutation relations as below:[
T aL, T
b
R
]
= 0,
[
T aL, T
b
L
]
= iǫabcT cL,
[
T aR, T
b
R
]
= iǫabcT cR,[
T aˆ, T 4ˆ
]
=
i
2
δaˆb
(
T bL − T bR
)
,
[
T aˆ, T bˆ
]
=
i
2
ǫaˆbˆc (T cL + T
c
R) ,[
T aˆ, T bL,R
]
=
i
2
(
ǫaˆbcˆT cˆ ∓ δaˆbT 4ˆ
)
,
[
T 4ˆ, T aL,R
]
= ± i
2
δabˆT bˆ.
(A.8)
It is obvious that in the SO(6)/SO(5) case, the unbro-
ken generators transform as a the reducible representations
(3,1) + (1,3) ∈ SO(4) ∼ SU(2)L × SU(2)R, respectively.
Under the unitary transformation P as will be discussed
in Eq.(A.19), the 5 generator of coset SO(6)/SO(5) in
Eqs.(A.4) and (A.6) can be expressed explicitly as
t1ˆ = −1
2
 02 02 e202 02 e10
eT2 e
T
1 0
 ,
t2ˆ =
i
2
 02 02 −e202 02 e10
eT2 −eT1 0
 ,
t3ˆ =
1
2
 02 02 −e102 02 e20
−eT1 eT2 0
 ,
t4ˆ =
i
2
 02 02 e102 02 e20
−eT1 −eT2 0
 ,
t5ˆ =
i
2

02 02
02 02
0
√
2
−√2 0
 , (A.9)
where T 5ˆ is the generator of SO(2) and 02 ≡ diag(0, 0). In
the unitary of NMCHM, h1,2,3 = 0, the Higgs PNGBs can
be expressed explicitly as
U = exp
(
i
√
2
f
(h4t
4ˆ + h5t
5ˆ)
)
=


cφ+1
2
c2ψ + s
2
ψ 0 0
cφ−1
2
c2ψ −
(1−cφ)cψsψ√
2
− cψsφ√
2
0 1 0 0 0 0
0 0 1 0 0 0
cφ−1
2
c2ψ 0 0
cφ+1
2
c2ψ + s
2
ψ −
(1−cφ)cψsψ√
2
− cψsφ√
2
− (1−cφ)cψsψ√
2
0 0 − (1−cφ)cψsψ√
2
c2ψ + cφs
2
ψ −sφsψ
cψsφ√
2
0 0
cψsφ√
2
sφsψ cφ


,
(A.10)
where cφ = cos(φ/f), sφ = sin(φ/f), with φ = h
2
4+h
2
5 and
hˆ4 = cψ, hˆ5 = sψ. In the absence of the singlet h5 = 0,
ψ = 0, φ = h4 = h, or h4 = 0, φ = h5 = s, then
U(h) =

1
2 (ch + 1) 0 0
1
2 (ch − 1) 0 − sh√2
0 1 0 0 0 0
0 0 1 0 0 0
1
2 (ch − 1) 0 0 12 (ch + 1) 0 − sh√2
0 0 0 0 1 0
sh√
2
0 0 sh√
2
0 ch
 ,
U(s) =
 14 0 00 cs −ss
0 ss cs
 , (A.11)
where 14 = diag(1, 1, 1, 1). They just recovers the GBs
matrix for the coset SO(6)/SO(4) or SO(6)/SO(2), respec-
tively.
2. Generators of SO(5)
There are 10 unbroken generator of SO(5) ⊂ SO(6) are
(T aL/R)ij = −
i
2
(
1
2
ǫabc
(
δbi δ
c
j − δbjδci
)± (δai δ4j − δaj δ4i )) ,
(Tα)ij ≡
1√
2
(Tα5)ij = − i√
2
(
δ5j δ
α
i − δ5i δαj
)
, (A.12)
where a = 1, 2, 3, α = 1, 2, 3, 4 and i, j = 1, . . . , 6. These
gives the coset space SO(5)/SO(4) for MCHM [10–12, 15]
.
To be more explicitly, the 6 generators span the represen-
tation 6 = (3, 1) + (1,3) ∈ SU(2)L × SU(2)R ≃ SO(4) ⊂
SO(5) ⊂ SO(6) can be chosen as
T 1L =
i
2
 0 −σ1σ1 0
02
 , T 2L = i2
 0 σ3−σ3 0
02
 ,
T 3L =
i
2
 −iσ2 00 −iσ2
02
 ;
T 1R =
i
2
 0 iσ2iσ2 0
02
 , T 2R = i2
 0 12−12 0
02
 ,
T 3R =
i
2
 −iσ2 00 iσ2
02
 , (A.13)
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where 02 ≡ daig(0, 0), 12 ≡ daig(1, 1), and it can be checked
that they satisfy the commutation relations as[
TLa , T
R
b
]
= 0, TL,Ra T
L,R
b =
1
4
δab +
i
2
εabcT
L,R
c . (A.14)
There are 4 residue unbroken generators span the repre-
sentation (2,2) ∈ SU(2)L × SU(2)R ≃ SO(4) are
T 1α =
i√
2
 02 02 −e102 02eT1 0
0
 ,
T 2α =
i√
2
 02 02 −e202 02eT2 0
0
 ,
T 3α =
i√
2
 02 0202 02 −e1eT1 0
0
 ,
T 4α =
i√
2
 02 0202 02 −e2eT2 0
0
 , (A.15)
where 02 ≡ diag(0, 0).
3. Generators of SO(4)
The generator of SU(2)L×SU(2)R ≃ SO(4) in Eq.(A.12)
can also expressed as
(T aL/R)ij =
1
2
[(Ja)ij ± (Ka)ij ], (A.16)
where the generators Ja and Ka are those corresponding
to the angular momentum and boosts as
(Ja)ij ≡ 1
2
ǫabc(T
bc)ij = −i1
2
ǫabc
(
δbi δ
c
j − δbjδci
)
,
(Ka)ij ≡ (T a4)ij = −i
(
δai δ
4
j − δaj δ4i
)
. (A.17)
To be more explicitly,
J1 = i
 0 0 00 0 −10 1 0
03
 , J2 = i
 0 0 10 0 0−1 0 0
03
 ,
J3 = i
 0 −1 01 0 00 0 0
03
 ;
K1 = i

0 0 0 −1
0 0 0 0
0 0 0 0
1 0 0 0
02
 , K2 = i

0 0 0 0
0 0 0 −1
0 0 0 0
0 1 0 0
02
 ,
K3 = i

0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0
02
 , (A.18)
where 03 ≡ diag(0, 0, 0) and 02 ≡ diag(0, 0).
The representation in Eq.(A.13) can be transformed to
those one are more familiar with through a similar trans-
formation with a unitary matrix P ,
taL,R = PT
a
L,RP
−1,
P =
1√
2

0 0 i 1 0 0
i −1 0 0 0 0
i 1 0 0 0 0
0 0 −i 1 0 0
0 0 0 0
√
2 0
0 0 0 0 0 −√2
 . (A.19)
To be more explicitly, we have
t1L =
1
2
 σ1 σ1
02
 , t2L = 12
 σ2 σ2
02
 ,
t3L =
1
2
 σ3 σ3
02
 ,
t1R = −
1
2
 1212
02
 , t2R = i2
 −1212
02
 ,
t3R =
1
2
 −12 12
02
 , (A.20)
where 12 ≡ diag(1, 1) and 02 ≡ diag(0, 0). Under above
unitary transformation P in Eq.(A.19), the fundamental
representation of scalar in SO(5) ⊂ SO(6) becomes
φ =

h1
h2
h3
h4
s
0

P→ 1√
2

h4 + ih3
i (h1 + ih2)
h2 + ih1
h4 − ih3√
2s
0
 =

h0⋆
−h−
h+
h0
s
0
 , (A.21)
which consists of the Higgs bi-doublet as denoted in
Eq.(A.42) as
1√
2
H =
1√
2
(Hc, H) =
(
h0⋆ h+
h− h0
)
. (A.22)
where H and Hc are SM Higgs doublet and its complex-
conjugate with notation defined in Eqs.(A.32) and (A.41),
respectively.
Under above unitary transformation P in Eq.(A.19), the
4 generator in the coset SO(5)/SO(4) in Eq.(A.23) can be
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expressed more explicitly as
t1α =
1
2
 02 02 e202 02 e1eT2 eT1 0
0
 ,
t2α =
i
2
 02 02 e202 02 −e1−eT2 eT1 0
0
 ,
t3α =
1
2
 02 02 e102 02 −e2eT1 −eT2 0
0
 ,
t4α =
i
2
 02 02 −e102 02 −e2eT1 eT2 0
0
 , (A.23)
where 02 ≡ diag(0, 0). In the unitary of MCHM, h1,2,3 =
0, h4 = h, the Higgs PNGBs can be expressed explicitly as
U = exp
(
i
√
2
f
ht4α
)
=

1
2 (ch + 1) 0 0
1
2 (ch − 1) sh√2 0
0 1 0 0 0 0
0 0 1 0 0 0
1
2 (ch − 1) 0 0 12 (ch + 1) sh√2 0
− sh√
2
0 0 − sh√
2
ch 0
0 0 0 0 0 1
 , (A.24)
where ch = cos(h/f) and sh = sin(h/f).
Under the unitary transformation P in Eq.(A.19), the 3
generators of angular momentum and boost in Eq.(A.18)
can be respectively, re-expressed as
J1 =
1
2

0 1 −1 0
1 0 0 −1
−1 0 0 1
0 −1 1 0
02
 ,
J2 =
i
2

0 −1 −1 0
1 0 0 −1
1 0 0 −1
0 1 1 0
02
 , J3 =

0 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 0
02
 ;
K1 =
1
2

0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0
02
 , K2 = i2

0 −1 1 0
1 0 0 1
−1 0 0 −1
0 −1 1 0
02
 ,
K3 =

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1
02
 , (A.25)
where 02 ≡ diag(0, 0). One can make the recombination to
give
4. Higgs Representations
a. Custodial symmetry SO(3) ⊂ SO(4)
As we will show in the following, the unbroken H =
SO(3) ≃ SU(2)V symmetry after EW symmetry breaking
origins from an enlarged G = SO(4) ≃ SU(2)L × SU(2)R
global symmetry.
At first, it is interesting to observing that the unitary
product of the Higgs doublet is a SO(4) invariant.
H†H = h21 + h
2
2 + h
2
3 + h
2
4 = h
Th. (A.26)
with h = (h1, h2, h3, h4)
T is 4 ∈ SO(4). Thus the SM Higgs
action can also be re-expressed as SO(4) ⊂ SO(5) invariant
form as
Lh = 1
2
(Dµh
T )(Dµh) +
1
2
µ2(hTh)− 1
4
λ(hTh)2,(A.27)
with h = (h1, h2, h3, h4)
T transforms linearly as the four-
dimensional vector representation 4 of global symmetry
group SO(4), from which, it is obvious that the Higgs po-
tential is also invariant under SO(4) symmetry. The Higgs
potential can be re-expressed as
Vh = −λ
4
(hTh− v2)2, (A.28)
which has a minimum as the three sphere S3 with radius v〈
hTh
〉
= v2 (A.29)
where v ≈ 246GeV. It is convenient to choose the vacuum
expectation value of h in vector representation 4 of SO(4)
as
〈h〉 = v
 000
1
 , (A.30)
Considering the shift field v → v+ h and non-shifted fields
as ha with a = 1, 2, 3, then
h =
 h1h2h3
v + h
 , (A.31)
where v is the vacuum expectation value (Vev) of the Higgs
singlet h4 and h ≡ h˜4 is the quantum fluctuation around
the v. Thus, the SO(4) symmetry acts linearly on the
Cartesian coordinates in terms of field ha.
The vacuum 〈h〉 simultaneously breaks the global SO(4)
symmetry down to the unbroken O(3) global symmetry,
under which, the would GBs ϕa with a = 1, 2, 3 transforms
linearly as a triplet 3 under O(3), while the Higgs h trans-
forms as a singlet 1 ∈ O(3). The four-real component of
the Higgs vector representation can be re-organized as the
usual SM Higgs complex doublet with two complex scalar
fields h+ and h0 as
Φ =
1√
2
(
h2 + ih1
h4 − ih3
)
≡
(
h+
h0
)
=
1√
2
H
ϕ=0
=
1√
2
(
0
h+ v
)
, (A.32)
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where H is up to a normalization constant to Φ = H/
√
2,
due to the kinetic term, and in the last equality, we have
adopt to the unitary gauge.
After EWSB, SO(4) breaks down to a SO(3) ≃ SU(2)V
symmetry, in terms of custodial symmetry, which is invari-
ant for the three goldstone bosons, or as equivalent phys-
ical degree of freedom, the three gauge bosons W aµ in 3,
the fundamental representation of SO(3) or adjoint rep-
resentation of SU(2)V . The unbroken global symmetry
SO(3) leads to the well-know gauge boson mass relation
that mW = mZ cos θW as the prediction of the SM, which
can also be expressed through the ratio
ρ ≡ m
2
W
m2Zc
2
θ
, (A.33)
when g′ 6= 0, where cθ = cos θW is the Weinberg mixing
angle. The gauge boson mass relation implies that custo-
dial is a good approximate symmetry of the SM, which is
exact at least at tree level. Thus, the custodial symmetry
ensures ρ = 1 at tree level, and also ensures small correc-
tions to ρ at quantum level as stated before in Eq.(I.1). It
also guarantees that m2W /m
2
Z = 1 in the absent of U(1)Y ,
i.e., g′ → 0.
To be brief, the unbroken SO(3) symmetry of the SM
vacuum can be origins from an SO(4) invariant fixed point.
b. From Cartesian to Polar
It is worthy of observing a fact that after h4 obtains vev,
the SM Higgs doublet with Cartesian coordinate field ha in
Eq.(A.32) can be reexpressed as below [26, 34, 43]
Φ =
1√
2
(
h2 + ih1
h+ v − ih3
)
=
(
12 +
h12 + iσ
aha
v
)(
0
v√
2
)
v≫1≈ v√
2
exp
(
h12 + iσ
aha
v
)(
0
1
)
h≪v≈ exp
(
iσaha
v
)
1√
2
(
0
v + h
)
, (A.34)
where e2 = (0, 1)
T is one of two eigenvector of Pauli matrix
σ3 for spin-down state as denoted in Eq.(A.5) and in the
last equality, we have made the identification that ϕa ≈ haˆ
with aˆ = 1, 2, 3, which are exact in the limit v → ∞, i.e.,
the unitary gauge. Thus, one can map the Higgs doublet
in Eq.(A.32) to that in the polar decomposition, or angular
coordinate ϕa as
Φ ≡ 1√
2
h4Ue2, (A.35)
where h4 = h + v is the magnitude of Ψ with h denotes
the radial coordinate, while U ∈ S3 is a 4-dimensional unit
vector, denoting the SM Goldstone bosons matrix in SU(2)
as defined in Eq.(C.2)
U ≡ exp
(
i
σaϕa
v
)
= cϕ + iσ
aϕˆasϕ
=
(
cϕ +
isϕ
|ϕ| ϕ3
sϕ
|ϕ|(iϕ
1 + ϕ2)
isϕ
|ϕ| (ϕ
1 + iϕ2) cϕ − isϕ|ϕ| ϕ3
)
v≫1
=
(
1 + iϕ3v
iϕ1+ϕ2
v
iϕ1−ϕ2
v 1− iϕ3v
)
ϕ=0
= 12, (A.36)
where ϕˆa ≡ ϕa/|ϕ| are the three dimensionless angular co-
ordinates and we have made the notation sϕ and cϕ defined
in Eq.(II.52). In the last equality, it is shown that the uni-
tary matrix just reduces to be unity in the unitary gauge,
as expected.
With the mapping from the h in doublet H in Eq.(A.32)
to that in Eqs.(A.35) and (A.36), one can read the one-to-
one correspondence as
ha =
h4
v
ϕa, a = 1, 2, 3, (A.37)
where h4 = h + v with h = h˜4 as the quantum fluctuation
of Higgs field. In this case, there is a relations between the
GBs in Cartesian and polar coordinates as
|h|2 = haha =
h24
(
v2 + |ϕ|2)
v2
ϕ→0
= (h+ v)2, (A.38)
which origins from the constraint of polar coordinate.
Therefore,
h = h4 − v + h4 ϕ
2
2v2
− h4 ϕ
4
8v4
+ · · · . (A.39)
Thus, the Higgs filed h is SO(4) invariant, while only three
of the components of Φ(ha, h4) are independent due to the
constraint above.
In the polar coordinate, the SM Lagrangian can be re-
expressed as
Lh = 1
2
(v + h)2(∂µU
†∂µU)
+
1
2
(∂µh)
2 − λ
4
((h+ v)2 − v2)2. (A.40)
where the Higgs scalar potential depends only upon the ra-
dial coordinate h, while the three GB fields ϕ only appears
in the kinetic terms, either gauged or not. In this case, it
is obvious that the interactions of h with ϕa becomes non-
linearly, comparing to that between ha and h4 in Carte-
sian coordinate. Nevertheless, by the Lehmann-Symanzik-
Zimmermann (LSZ) reduction formula, h and h4 give the
same S-matrix, so that the the change of coordinates does
not affect S-matrix elements [43].
c. Higgs bi-doublet in SO(4)
Since SO(4) is isomorphic to SU(2)L × SU(2)R, one
can relate the SO(4) vector to H ≡ (Hc, H), a complex
SU(2)R × SU(2)L bi-doublet (2¯, 2) ∈ SU(2)L × SU(2)R,
with the complex conjugate of H in Eq.(A.32) as
Hc ≡ iσ2H⋆ =
(
h4 + ih3
−(h2 − ih1)
)
=
(
h0∗
h−
)
, (A.41)
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where h− = (h+)∗. More explicitly, the polar decomposi-
tion of H into h and the SU(2) matrix U as
H =
(
h4 + ih3 h2 + ih1
−h2 + ih1 h4 − ih3
)
= hαˆσαˆ ≡ |h|U, (A.42)
with σαˆ = (i~σ,12) with αˆ = (a, 4), a = 1, 2, 3.
From eq.(A.42), it can be found that
hαˆ
|h| ≡ hˆαˆ =
1
2
Tr[Uσαˆ]. (A.43)
where σαˆ ≡ (−i~σ,12) is the complex conjugate of σαˆ.
To be explicitly, hˆαˆ can also be expressed as, respectively,
hˆa = − i
2
Tr[Uσa], hˆ4 = cϕ. (A.44)
Combing Eqs.(A.36), the ha in the vector representation
can be expressed as
hˆαˆ = (ϕˆasϕ, cϕ)
v→∞
=
(
ϕa
v
, 1
)
, (A.45)
where ϕˆa ≡ ϕa/|ϕ| and cϕ, sϕ as defined in Eq.(II.52).
Therefore, the fundamental scalar hT can be re-expressed
as
φ = v
(
sϕ~ϕ
cϕ
)
, (A.46)
where ~ϕ ≡ (ϕˆ1, ϕˆ2, ϕˆ3) is a 3-dimensional unit vector, which
transforms linearly as the 3-dimensional representation un-
der the unbroken O(3) symmetry. The angle ϕ together
with the ~ϕ have 4 degrees of freedom.
d. Non-linear transformation of SO(4)
Since there are three independent component in polar
coordinate, of the constraint in Eq.(A.38), one can make a
redefinition of the GBs as below,
πa ≡ vsϕϕˆa, (A.47)
so that the fourth non-independent component can be
expressed as a non-linear function of these uncon-
strained fields πa. In this case, the linear parametriza-
tion in Eq.(A.46) can be re-expressed in a square-root
parametrization as
φ =
(
~π√
v2 − ~π · ~π
)
, (A.48)
where ~π has 3-components Thus, the unitary GB matrix U
can also be rewritten in non-linear expression as
U =
√
1− π
2
v2
+ iσaπa, (A.49)
which implies that the fourth component cϕ is a non-linear
function of the independent three components πa with
a = 1, 2, 3. The constraint of polar coordinate in Eq.(A.38)
turns the SO(4) linear transformation upon Φ(ha, h4) into
a non-linear SO(4) transformation when written only in
terms of unconstrained fields π1,2,3 ∈ SO(3).
Thus, the SO(4) symmetry acts non-linearly on the an-
gular coordinates in terms of field πa as
U ≈ 1 + iπ − π
2
2v2
+O(π
4
v4
), (A.50)
where π ≡ σaπa.
In this definition, the kinetic terms of the non-linear
sigma model can be rewritten as
Lkin = v
2
2
Tr[(∂µU
†)(∂µU)]
=
1
2
(∂µπ
a)2 +
v2
2
sϕ(∂µϕ)
2, (A.51)
where the second term denote the the non-linear kinetic
terms of πa fields, since
L(ϕ)kin =
v2
2
sϕ(∂µϕ)
2 =
1
2
(πa∂µπ
a)2
v2 − π2 . (A.52)
Together, the kinetic term of πa becomes in curved space
S3 ≃ SO(4)/SO(3) as
Lkin = 1
2
gab∂µπ
a∂µπb, (A.53)
with a non-flat metric in PNGB field space
gab = δab +
πaπb
v2 − π2 , (A.54)
and the Ricci scalar curvature of the coset space is
R =
6
v2
> 0, (A.55)
where the number 6 takes accounts of the degrees of free-
dom of the number of unconstrained πa fields. Therefore,
the PNGB, or Higgs nonlinearity origins from the scalar S3
manifold curvature. At the scale v ≫ 1, the physics at scale
f gives non-linear interactions due to the non-flat metric
gab = δab +
πaπb
v2
+
π2
v4
πaπb +O(π
6δab
v6
). (A.56)
The kinetic term of the non-linear sigma model can be ex-
pressed in a series of expansion as
L(ϕ)kin =
1
2
∂µ~π · ∂µ~π + 1
2v2
(~π · ∂µ~π)2
+
1
2v4
~π · ~π(~π · ∂µ~π)2 + . . . . (A.57)
where . . . denotes higher order derivatives coupled interac-
tion terms no less than 1/v6 order. The Lagrangian has
only three scalar d.o.f.
Appendix B: CCWZ and Chiral Lagrangian
1. Nambu Goldstone boson matrix
a. Ω parametrization
Assuming the Lagrangian is invariant under global G,
with a unbroken symmetry H ⊂ G, which is a linearly real-
ized subgroup of G. The Nambu Goldstone bosons (NGBs)
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due to the global spontaneous symmetry breaking pattern
G → H can be described by the Ω field defined as
Ω ≡ ei ϕ2f Ξ ≡ eiΠ, (B.1)
where in the last equality, we have absorbed the decay con-
stant f into Π so that it is a dimensionless field. The Ω is
under the action of an element of global symmetry g ∈ G
and an element of local symmetry h ∈ H as [21, 22],
gΩ(Ξ) = Ω(g(Ξ))h(Ξ, g), (B.2)
which transforms in a linear representation for H . While it
is a non-linear one for the other elements under the global
symmetry G as
Ω→ gΩh−1(Ξ, g), (B.3)
which defines the non-linear transformation of the NGBs
fields as Ξ denoted as
Ξ = ΞaˆTaˆ, (B.4)
where Taˆ are the broken generators in the coset G/H, with
aˆ = 1, · · · , dim(G/H). To be brief, the Nambu-Goldstone
boson fields are associated with the coset or quotient space.
The quotient space G/H is said to be symmetric if there
exists an automorphism of the grading, R, under which
the broken generators change sign.
b. Symmetric coset and automorphism
For symmetric coset, there exists an automorphism or
“grading” symmetry R that acts upon the generators of G,
which changes the sign of the broken generators as
R :
{
Ta → +Ta
Taˆ → −Taˆ (B.5)
where Ta with a = 1, 2, · · · , dim(H) are the generators of
H and Taˆ with aˆ = 1, 2, · · · , dim(G/H) are the generators
of the coset G/H. The (Ta, Taˆ) form an orthonormal basis
of G, and they satisfy
[Ta, Tb] ∝ Tc, [Ta, Tbˆ] ∝ Tcˆ, [Taˆ, Tbˆ] ∝ Tc, (B.6)
where the fist condition follows from that H is closed, the
second condition is due to the fact that the structures con-
stants are completely antisymmetric for compact groups,
while the last condition is one for a symmetric coset.
Under the discrete automorphism symmetry R, the GB
fields transforms as
R : Ω→ Ω−1. (B.7)
In the symmetric coset, the non-linear field transforma-
tion of Ω can be read as below by acting on Eq.(B.3) with
the grading R and taking the hermitian conjugate
Ω→ hΩg−1R . (B.8)
c. Σ Parametrization
From Eqs.(B.8) and (B.3), one can define a new non-
linear field Σ as square of Ω
Σ ≡ Ω2 = eiϕf Ξ = e2iΠ, (B.9)
which transforming linearly under the global symmetry g ∈
G as
Σ→ gΣg−1R . (B.10)
where gR is a global element of G, obtained by acting on
g with R, which is independent of the GBs field Π. Hence
Σ transforms linearly under G. This shows explicitly that
the transformation on Π is a realization of G and that it is
linear when restricted to H. Under the grading symmetry,
the GB fields transforms as
R : Σ→ Σ−1. (B.11)
The transformation also implies that the covariant deriva-
tive of the non-linear Σ is defined as
DµΣ = ∂µΣ+ igA
(
AµΣ−ΣA(R)µ
)
. (B.12)
Under the gauge transformation, it is straightforward to
have
Aµ → gAµg−1 − i
gA
g
(
∂µg
−1) ,
A
R
µ → gRA
R
µ g
−1
R −
i
gA
gR
(
∂µg
−1
R
)
, (B.13)
with gA denoting the associated gauge couple constant.
To obtain gauge interactions by formally gauging the
symmetry G, one has introduced gauge fields Aµ =
(Wµ, Bµ) ∈ G with
Wµ ≡W aµQaL and Bµ ≡ BµQY , (B.14)
and its automorphism field A
R
µ ≡ R
(
Aµ
)
. QaL and QY de-
note the embedding in G of the SU(2)L×U(1)Y generators.
In the symmetric coset case, it is equivalent to use either
Ω or Σ in describing the GBs degrees of freedoms and its
interactions.
For external gauge field gAAµ = Aµ, where the gauge
coupling gA are absorbed into the gauge fields. Conse-
quently, the covariant derivative of Σ in Eq.(B.12) trans-
form under local G transformation are defined as
DµΣ = ∂µΣ+ iAµΣ− iΣA(R)µ , (B.15)
where Aµ = A
a
µT
a + AaˆµT
aˆ is the external gauge field and
A
(R)
µ is obtained by acting on Aµ with the “grading” R as
A(R)µ = R(Aµ) = AaµT a −AaˆµT aˆ. (B.16)
where T aˆ and T a are the broken and unbroken generators,
respectively and normalized as Tr(TATB) = δAB. In gaug-
ing the standard model group, i.e, Aaˆµ = 0. The external
gauge field Aµ transform under the local H symmetry as
Aµ → gAµg−1 − ig∂µg−1,
ARµ → gRAµg−1R − igR∂µg−1R . (B.17)
Therefore, the covariant term of Σ above can be ex-
pressed as
DµΣ = ∂µΣ+ i[A
a
µT
a,Σ] + i{AaˆµT aˆ,Σ}. (B.18)
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2. Omega decomposition
In the CCWZ’s general approach, one can redefine the
GB fields as dµ and eµ through the Maurer-Cartan one
form, which is decomposed along the broken and unbroken
directions, respectively,
ωµ ≡ −iΩ†∂µΩ = daˆµT aˆ + eaµT a ≡ dµ + eµ, (B.19)
where Ω is defined in Eq.(B.3) is defined in Eq.(II.2) and the
kinetic term can be generalized to be covariant derivative
term. T aˆ ∈ G/H while T a ∈ H are respectively the broken
and unbroken generators normalized as Tr(TATB) = δAB.
Since Ω(Π, g) is transformed under global symmetry G
as Eq.(B.3),
−iΩ−1∂µΩ→ −ihΩ−1g−1∂µ(gΩh−1) = −ihΩ−1∂µ(Ωh−1)
= −ihΩ−1(∂µΩ)h−1 − ih(∂µh−1)
= hωµh
−1 − ih(∂µh−1), (B.20)
where hωµh
† ∈ G, while the shift term ih∂µh† ∈ H.
From above transformation, together with Eq.(B.19), one
deduces that under any element g ∈ G, dµ and eµ transform
as
dµ → h(Π, g)dµh−1(Π, g),
eµ → h(Π, g)eµh−1(Π, g)− ih(Π, g)∂µh−1(Π, g). (B.21)
Thus, dµ transforms linearly under local symmetry H as
the GBs, while eµ transforms non-linearly as a gauge field
with gauge symmetry H.
It is obvious that the covariant field eµ transforms like a
gauge field under H, i.e., transforms as a connection, and
it will be more obvious by defining a field strength
eµν ≡ ∂µeν − ∂νeµ + i [eµ, eν ] , (B.22)
where eµ can be viewed as non-linear relation of gauge field
with gauge symmetry H. eµν transforms linearly under the
local symmetry H again, like that of dµ as
eµν → h(Π, g)eµνh−1(Π, g). (B.23)
Therefore, dµ(Π) and eµν(Π) are covariant variable, and
together with those by acting upon the covariant derivative
∇µ, consist of the building blocks of the low energy effective
Lagrangian.
Except the covariant derivative ∇ν for local symmetry
H, one might be interested in gauging an external local
symmetry H′ ⊂ G, e.g., a subgroup SU(2)L×U(1)Y , which
plays the role of the SM electroweak group. In this case,
one can replace the kinetic derivative with the a covariant
derivative of the external gauge field Aµ as
Dµ = ∂µ + iAµ, (B.24)
where the gauge coupling gA are absorbed into the gauge
fields.
a. Explicit expression of covariant derivative
The most general high-energy effective Lagrangian for
describing the electroweak interactions of the gauge group
G and of the GBs of a non-linear realization of the symmet-
ric G/H basis, up to four-derivative bosonic interactions,
can be obtained by gauging only the EW symmetry of SM
gauge group, while keep the group G = SO(6) global.
The gauge covariant derivative as defined in Eq.(B.18)
becomes
DµΣ = ∂µΣ+ i[W
a
µQ
a
L +B
3
µQY ,Σ], (B.25)
where the external gauge field as gAAµ = gWµ+g
′Bµ by us-
ing the embedding representations in the SM as Eq.(III.2),
we find the explicit expression of the gauge invariant fields
strength as
gAAµ =
1
2
 σ2γµ −iσ1gW 1µ + iσ3gW 2µiσ1gW 1µ − iσ3gW 2µ σ2Zµ
02
 , (B.26)
where Aµ ≡ gW 3µ +g′Bµ, Zµ ≡ gW 3µ −g′Bµ and 02 = daig.
Then, we can obtain the field stress tensor of SM gAFµν ≡
(gWµν , g
′Bµν) in a similar expression.
The explicit expression of the building block in
SO(6)/SO(5) with SM gauge group is
Vµ(Ω) =
(
03 V
(W,B)
µ
−V(W,B)Tµ V
(φ,psi)
µ
)
, (B.27)
where 03 = diag(0, 0, 0), and V
(W,B)
µ and V
(φ,ψ)
µ are both 3
by 3 matrix those can be expressed, respectively, as
V
(W,B)
µ =

gc2ψ sin
2
(
φ
2f
)
W 1µ g sin
2
(
φ
2f
)
sψcψW
1
µ
1
2gcψsφW
1
µ
gc2ψ sin
2
(
φ
2f
)
W 2µ g sin
2
(
φ
2f
)
sψcψW
2
µ
1
2gcψsφW
2
µ
c2ψ sin
2
(
φ
2f
)
Zµ sin
2
(
φ
2f
)
sψcψZµ
1
2cψsφZµ
 ,
V
(φ,ψ)
µ =
1
f
 0 0 cψ0 0 sψ
−cψ −sψ 0
φµ +
 0 cφ − 1 −sφsψ1− cφ 0 cψsφ
sφcψ −cψsφ 0
ψµ, (B.28)
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where φµ = ∂µφ and ψµ = ∂µψ. The scalar chiral field T in Eq.(B.36), becomes
T = − i
2

0 1 0 0 0 0
−1 0 0 0 0 0
0 0 0 −1 + 2c2ψ sin2
(
φ
2f
)
sin2
(
φ
2f
)
2sψcψ cψsφ
0 0 1− 2c2ψ sin2
(
φ
2f
)
0 0 0
0 0 − sin2
(
φ
2f
)
2sψcψ 0 0 0
0 0 −cψsφ 0 0 0

. (B.29)
3. Building blocks in CCWZ
a. Building blocks for Sigma
The global vector chiral field (If the interactions are not
gauged) is defined as
Vµ = (∂µΣ)Σ
−1, (B.30)
and it transforms in the adjoint representation of G as
Vµ → gVµg−1. (B.31)
The effective Lagrangian describing the GB interactions in
the context of the non-linearly realized G breaking mecha-
nism, with symmetric coset G/H can be constructed from
Vµ. Then the gauged version of the chiral vector field of
the non-linear sigma model can be defined as through the
formally gauging of the the full group as
Vµ = (DµΣ)Σ
−1. (B.32)
The Cartan form for G of above
(Σ−1dΣ)aˆ, (B.33)
after projecting onto the subspace of broken generators,
gives a vielbein corresponding to the metric on G/H. As
will be seen, the leading order terms with at most two
derivatives are built out of two vielbein. The Wess-Zumino-
Witten term is a 5-form, which can be build out of five
vielbein [17].
The building blocks for the effective chiral gauge theory
includes G invariants vector chiral field Vµand the gauge
field strength Aµν = (Wµν ,Bµν) which transform in the
adjoint of G.
The building block are
Vµ, Fµν , ΣF
R
µνΣ
−1. (B.34)
with the automorphism symmetry in the symmetric coset,
one can introduce the graded vector chiral fields
V
R
µ ≡ R
(
Vµ
)
= (DµΣ)
−1
Σ = −Σ−1VµΣ. (B.35)
One additional custodial symmetry breaking source besides
the SM ones, in analogy to the scalar chiral field T in the
high energy can be embedded in G of the hypercharge gen-
erators QY as
T ≡ ΣQYΣ−1. (B.36)
To be brief, the building block of high-energy effective
Lagrangian for a UV complete model, i.e, a symmetric
CHM are
Vµ, Fµν , ΣF
R
µνΣ
−1, T. (B.37)
Based upon these, we can construct the gauge covariant
operators in the following.
b. Building blocks for Omega
With the field strength of the external gauge field Fµν ,
one can also redefine the gauge field as a new covariant
structure variables f−,L,Rµν as [13]
fµν ≡ Ω−1FµνΩ ≡ f−µν + f+µν ,
f (R)µν = ΩF
(R)
µν Ω
−1 ≡ −f−µν + f+µν . (B.38)
with Ω = Ω−1, f (R)µν ≡ R(fµν) and
f+µν = f
L
µν + f
R
µν + f
(α)
µν . (B.39)
where f−µν = f
−,aˆ
µν Taˆ, f
+
µν = f
+,a
µν Ta, f
L/R
µν = f
L/R,a
µν T
L/R
a ,
f
(α)
µν = f
(α)α
µν Tα with T
L,R
a are the six generators of
SU(2)L,R those embedded into the unbroken generators
T a. Thus, the even and odd components of fµν under the
grading R is
f±µν =
1
2
(fµν ± f (R)µν ). (B.40)
where f±µν coincide respectively with the even and odd com-
ponents of fµν under the grading R, since
R[f±µν ] = ±f±µν . (B.41)
which implies that the gauge field f±µν carries even and odd
R parity.
The new covariant structure variable f−,L,Rµν trans forms
as a gauge covariant one under the local symmetry H
f±µν → h(Π, g)f±µνh−1(Π, g),
f (R)±µν → h(Π, g)f (R)±µν h−1(Π, g). (B.42)
According to Eq.(B.38), with the aid of the trace prop-
erty, one find that the gauge invariant field Lagrangian can
be decomposed as
Tr(FµνF
µν) = Tr(f+µνf
+µν) + Tr(f−µνf
−µν). (B.43)
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Thus, one obtains some building block as below
Tr(f−µνf
−µν), Tr(f+µνf
+µν). (B.44)
From the gauged version of Eq.(B.19), i.e., (B.70), one
expand the G invariant strength tensor as below:
Ω†FµνΩ = −iΩ†[Dµ, Dν ]Ω
= Ω†Dµ(Ωων)− Ω†Dν(Ωωµ)
= iωµων − iωνωµ + ∂µων − ∂νωµ
= dµν + eµν − i[eν , dµ] + i[eµ, dν ]
= ∇µdν −∇νdµ + i[dµ, dν ] + eµν , (B.45)
where we have used the factor that [Dµ, Dν ] = iFµν , and
made the notations as below
dµν ≡ ∂µdν − ∂νdµ + i[dµ, dν ],
eµν ≡ ∂µeν − ∂νeµ + i[eµ, eν ],
∇µdν ≡ ∂µdν + i[eµ, dν ],
∇νdµ ≡ ∂νdµ + i[eν, dµ]. (B.46)
By comping the identities in Eq.(B.45) with the decompo-
sition of the gauge field in Eq.(B.38), we find the relations
between the gauge fields with the eµν and dµ as below
f+µν ≡ i[dµ, dν ] + eµν ,
f−µν ≡ 2∇[µdν] = ∇µdν −∇νdµ. (B.47)
To be brief, the CCWZ covariant building block
dµ, eµν , (B.48)
can be re-expressed in terms of Σ, which is manifestly in-
variant under global G
dµ = − i
2
Ω−1(DµΣ)Ω−1 =
i
2
Ω(DµΣ)
−1Ω,
eµν = − i
4
Ω−1(DµΣDνΣ−1 −DνΣDµΣ†)Ω
+
1
2
(Ω−1FµνΩ + ΩFRµνΩ
−1), (B.49)
where in a symmetric coset G/H. Thus eµν and it is related
to the unbroken sector field strength f+µν and the commu-
tator of dµ field.
Therefore, in the end we have a set of covariant building
blocks as
{dµ, f±µν}, or {dµ, f−µν , eµν}. (B.50)
In summary, we have three independent building blocks of
the effective Lagrangian in the CCWZ formalism as dµ, eµν
and ∇µ, since they are covariant variables, which satisfies
the local transformation under H,
dµ → hdµh−1, eµν → heµνh†, f±µν → h∇µh†. (B.51)
For SO(6)/SO(5) case, one has
eµν = e
aL
µνT
aL + eaRµν T
aR + eαµνT
α,
fµν = f
aL
µν T
aL + faRµν T
aR + fαµνT
α, (B.52)
where two independent gauge invariant field strength ten-
sors can be defined as
eL,R aµν = ∂µe
L,R a
ν − ∂νeL,R aµ + i[eµ, eν ]L,Ra,
eαµν = ∂µe
α
ν − ∂νeαµ + i[eµ, eν ]α. (B.53)
Under the automorphism symmetry R in Eq.(B.5), its
representation in the coset SO(6)/SO(5) as shown in
Eq.(II.35). As the broken generators T aˆ change sign, while
the unbroken ones T a does not, thus one has
haˆ → −haˆ, daˆµ → −daˆµ, f−aˆµν → −f−aˆµν ,
eaµν → eaµν , f+aµν → f+aµν . (B.54)
If eαµν and f
α
µν are absent, i.e., 6 = (3, 1)+(1,3) ∈ SU(2)L×
SU(2)R ⊂ SO(4), then under left-right parity symmetry
PLR in Eq.(II.41), one has
T aˆ : haˆ → −ηaˆhaˆ, daˆµ → −ηaˆdaˆµ, f−aˆµν → −ηaˆf−aˆµν ,
T a : eL/Raµν → eR/Laµν , f+L/Raµν → f+R/Laµν , (B.55)
where ηaˆ = (1, 1, 1,−1)T .
4. External Gauge Symmetry: SM or beyond
Once an external gauge symmetry H0 ⊂ G is turned on,
e.g., the SM electroweak group H0 = GSM = SU(2)W ×
U(1)Y , the ordinary derivative ∂µ is promoted to be the
covariant derivative Dµ ≡ ∂µ + iAµ, where the external
gauge fields Aµ = A
aˆ
µT
aˆ + AaµT
a ∈ G, i.e. still a general
element of G, transform under the local H0 transformation,
namely
Aµ → g(Aµ − i∂µ)g†, Fµν → gFµνg†. (B.56)
where Fµν ≡ ∂µAν−∂νAµ+i[Aµ, Aν ] is the field strength of
external gauge field Aµ. Some of the above external gauge
field source will become dynamical while the others will be
turned off, i.e., by setting the others to zero. Explicitly, the
dynamical part of Aµ will be those transforming under the
local H0 = GEW = SU(2)W × U(1)Y ⊂ H,
Aµ =
g√
2
W+µ T
+
L +
g√
2
W−µ T
−
L + gW
3
µT
3
L + g
′BµY,(B.57)
where T±L = T
1
L ± iT 2L. The charged weak boson fields are
defined as
W±µ =
1√
2
(W 1µ ∓ iW 2µ). (B.58)
For SM, Aµ = g(W
1
µσ
1 +W 2µσ
2 +W 3µσ
2)/2 + g′BµY with
Y = 1/2, g, g′ are the SU(2)L and U(1) gauge coupling,
respectively. The neutral gauge boson fields are
gW 3µT
3
L + g
′BµY = gZ(T 3 − s2WQ)Zµ + eQγµ.(B.59)
(
W 3µ
Bµ
)
=
(
cW sW
−sW cW
)(
Zµ
γµ
)
, (B.60)
with cW = cos θW ≡ g/
√
g2 + g′2, sW = sin θW ≡
g′/
√
g2 + g′2 denote the cosine and the since of the weak
mixing angle, tan θW = g
′/g and g, g′ are the gauge cou-
plings of SU(2)L and U(1)Y in the SM. The commutator
of the gauge field strength is
[Dµ,Dν ] = igWµν + ig
′ 1
2
Bµν . (B.61)
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Similarly, if one want to turn on the residual H-invariant
gauge source, e.g., SU(2)R ⊂ H, then one can include an
additional term at a high energy scale f2 6= v.
Aµ =
gR√
2
W+RµT
+
R +
gR√
2
W−RµT
−
R + gRZRµT
3
R,
where T±R = T
1
R ± iT 2R and generally, gR 6= gL = g. One
may also denote respectivelyW±R , ZR asW
′±, Z ′. While in
the effective Lagrangian description, one may integrate out
these heavy particles field.
For mater field Φ which transforms as Φ → h(Π, g)Φ,
then the covariant derivative is
∇µΦ = (∂µ + ieaµT a)Φ. (B.62)
Therefore, ordinary derivative ∂µ can be promoted to be
covariant derivative
∇µ ≡ ∂µ + ieµ, (B.63)
which is gauge invariant under H.
One may also introduce the vector resonances ρ±. The
strength of the external gauge fields transforms under the
local symmetry H, F±µν(Π) → h(Π, g)F±µν (Π)h−1(Π, g).
F±µν ≡ ρ±µν , which takes even and odd R-parity respec-
tively, i.e., F+µν ≡ ρ+aµν T a ∈ adj(H), F−µν ≡ ρ−aˆµν T aˆ ∈ G/H
and transform under G. Then kinetic and mass term of the
gauge field are
LF = 1
2
Tr[∇µF±µσ∇νF±νσ] +
1
4
m2±Tr[F
±
µνF
±µν ], (B.64)
where
∇µAν = ∂µAν + i[eµ, Aν ]. (B.65)
One may also introduce the next order effective Lagrangian,
by coupling the external gauge symmetry with the building
blocks as
L = cg+Tr
(
F+µν [dµ, dν ]
)
+ cf+Tr
(
F+µνf
+µν
)
+ cf−Tr
(
F−µνf
−µν) , (B.66)
which is relevant to the S parameter.
5. Non-linear chiral Lagrangian
It is worthy of noticing that the GBs field Π in Eq.(B.1)
enters in the effective Lagrangian only through its deriva-
tives. The derivative of Ω field can be expanded through
the 1-form ωµ as
ωµ =
∞∑
n=1
(−i)n−1
n!
[Π, [Π, . . . , [Π, ∂µΠ] . . .]]
= ∂µΠ− i
2
[Π, ∂µΠ]− 1
6
[Π, [Π, ∂µΠ]]
+
i
24
[Π, [Π, [Π, ∂µΠ]]] + · · · , (B.67)
where [Π, ∂µΠ] = Π
←→
∂ µΠ. In this case, the leading order
expanding the filed dµ and eµ are
dµ = ∂µΠ− 1
6
[Π, [Π, ∂µΠ]] +O(Π5),
eµ = − i
2
[Π, ∂µΠ] +
i
24
[Π, [Π, [Π, ∂µΠ]]] +O(Π6). (B.68)
When gauge interactions are turned on, i.e., ∂µ → Dµ =
∂µ+iA
a
µT
a, the Higgs will be interacting with gauge bosons
too. Then, the covariant derivative of the Π field is
DµΠ
aˆ = (∂µ + iA
a
µT
a)Πaˆ = ∂µΠ
aˆ + iAaµ(T
a)aˆ
bˆ
Πbˆ, (B.69)
where for simplicity, one may restrict to the case in which
Aµ belongs to H0 ⊂ H is given by Eq.(B.57).
ωµ ≡ −iΩ†DµΩ = −iΩ†∂µΩ + Ω†AµΩ
= dµ + eµ +Aµ. (B.70)
Thus, for gauged version, one can redefine eµ in a way as
e¯µ = eµ −Aµ, d¯µ = dµ. (B.71)
and the gauge field strength is
eµν = −Fµν + eµν . (B.72)
Under the automorphism symmetryR in Eq.(B.5), we have
R(daˆµ)→ −daˆµ, R(eaµ)→ eaµ. (B.73)
By using the building blocks daˆµ, the lowest order La-
grangian can be written as
L(2)dd =
f2
2
daˆµd
aˆµ =
f2
2
(
∂µΠ∂
µΠ+
1
3
(Π
←→
∂ µΠ)(Π
←→
∂ µΠ) + . . .
)
=
1
2
(∂µπ)
2 +
1
3f2
(π
←→
∂ µπ)aˆ(π
←→
∂ µπ)
aˆ +O(π6), (B.74)
where Π
←→
∂ µΠ = [Π, ∂µΠ] and in the last equality we make
the notation as Π ≡ π/f and π = hΞ/2. In this case,
phenomenologically, π has extra derivative self-interactions,
and interactions with higgs h. In the presence of the exter-
nal gauge field Aµ, the gauge interactions are introduced
with ∂µ → Dµ, the second term involves interactions of
2-derivative invariant operators with four Higgs doublet.
The next leading order Lagrangian with derivative up to
the 4-derivative for the gauge field eµν can be written as
L(4)ee = Tr[eµνeµν ] = eaµνeaµν = (∂µeν − ∂νeµ + i[eµ, eν ])2
= −1
4
(∂µ([Π, ∂νΠ])− ∂ν([Π, ∂µΠ]) + i[[Π, ∂µΠ], [Π, ∂νΠ]])2
= −1
4
(2[∂µΠ, ∂νΠ] + i[[Π, ∂µΠ], [Π, ∂νΠ]])
2
= − 1
f4
[∂µπ, ∂νπ]
2 +O(π6)
= −(fabef cde) 1
f4
∂µπ
a∂νπ
b∂µπc∂νπd + · · · . (B.75)
The interactions are suppressed by f−4, while when the
gauge interactions are turned on, the external gauge field
Aµ is present, the first term involves interactions of 4-
derivative invariant operators with four Higgs doublet,
which are enhanced with g4.
Another next leading order Lagrangian with mixing be-
tween eµ and dµ fields are
L(4)de = Tr[[dµ, dν ]eµν ] = fabcdaˆµdbˆνecµν
= − i
2
fabc(∂µΠ
a + . . .)(∂νΠ
b + . . .)(2[∂µΠ, ∂νΠ]c + . . .)
= − i
f4
fabcfdec∂µπ
a∂νπ
a∂µπd∂νπe + · · · . (B.76)
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Thus, these lowest order Lagrangian relating to the gauge
field will appear at least at order higher than p4/f4. When
the gauge interactions are turned on, one just make the re-
placement for eµν → eµν−Fµν while keep dµ the same, then
the interactions involving two Nambu-Goldstone boson and
two gauge fields will be appear.
6. Explicit expression of CCWZ
a. dµ field
In the NMCHM, the explicit expression of dµ fields in
the coset sector SO(6)/SO(5) are
d1,2µ =
gW 1,2µ√
2
cos
(
ψ
f
)
sin
(
φ
f
)
,
d3µ =
gW 3µ − g′Bµ√
2
cos
(
ψ
f
)
sin
(
φ
f
)
,
d4µ =
√
2
f
[
∂µφ cos
(
ψ
f
)
− ∂µψ sin
(
ψ
f
)
sin
(
φ
f
)]
,
d5µ =
√
2
f
[
∂µφ sin
(
ψ
f
)
+ ∂µψ cos
(
ψ
f
)
sin
(
φ
f
)]
. (B.77)
b. dµ,ν field
From the dµ fields above, one can obtain their anti-
commutators as
daµ,ν ≡ [dµ, dν ]a. (B.78)
The explicit expression of daµ,ν in (1,3) + (3,1) are given
in
i(dL,1µ,ν + d
R,1
µ,ν ) =
1
2
g cos2
(
ψ
f
)
sin2
(
φ
f
)(
W 2νZµ −W 2µZν
)
,
i(dL,1µ,ν − dR,1µ,ν ) =
1
f
g cos2
(
ψ
f
)
sin
(
φ
f
)((
φµW
1
ν − φνW 1µ
)
+ tan
(
ψ
f
)
sin
(
φ
f
)(
ψνW
1
µ − ψµW 1ν
))
,
i(dL,2µ,ν + d
R,2
µ,ν ) = −
1
2
g cos2
(
ψ
f
)
sin2
(
φ
f
)(
W 1νZµ −W 1µZν
)
,
i(dL,2µ,ν − dR,2µ,ν ) =
1
f
g cos2
(
ψ
f
)
sin
(
φ
f
)((
φµW
2
ν − φνW 2µ
)
+tan
(
ψ
f
)
sin
(
φ
f
)(
ψνW
2
µ − ψµW 2ν
))
,
i(dL,3µ,ν + d
R,3
µ,ν ) =
1
2
g2 cos2
(
ψ
f
)
sin2
(
φ
f
)(
W 2µW
1
ν −W 1µW 2ν
)
,
i(dL,3µ,ν − dR,3µ,ν ) =
1
f
cos
(
ψ
f
)
sin
(
φ
f
)(
(φνZµ − φµZν)
+ tan
(
ψ
f
)
sin
(
φ
f
)
(ψµZν − ψνZµ)
)
.(B.79)
From above, it is obvious that chiral sector is relatively sup-
pressed with a order 1/f comparing to the vector sector.
For those in (2,2) due to Tα, we have
id1µ,ν =
1√
2f
g cos
(
ψ
f
)
sin
(
φ
f
)(
sin
(
ψ
f
)
(φµWν − φνWµ)
+ cos
(
ψ
f
)
sin
(
φ
f
)
(ψµWν − ψνWµ)
)
,
id2µ,ν =
1√
2f
g cos
(
ψ
f
)
sin
(
φ
f
)(
sin
(
ψ
f
)(
φµW
2
ν − φνW 2µ
)
+cos
(
ψ
f
)
sin
(
φ
f
)(
ψµW
2
ν − ψνW 2µ
))
,
id3µ,ν =
1√
2f
cos
(
ψ
f
)
sin
(
φ
f
)(
sin
(
ψ
f
)
(φµZν − φνZµ)
+ cos
(
ψ
f
)
sin
(
φ
f
)
(ψµZν − ψνZµ)
)
id4µ,ν =
√
2
f2
sin
(
φ
f
)
(ψµφν − φµψν) . (B.80)
Comparing to the leading order, the first three d1,2,3µ,ν is
suppressed by 1/f , while the fourth d4µ,ν is suppressed by
1/f2.
c. eµ field
The eµ fields in the unbroken SO(5) sector, has 10 com-
ponents, which can be decomposed into 10 = (3, 1) +
(1,3) + (2,2) ∈ SU(2)L × SU(2)R ≃ SO(4) components.
The (3, 1) + (1,3) due to the generators T aL,R gives
e1,2Lµ = gW
1,2
Lµ − gW 1,2Lµ cos2
(
ψ
f
)
sin2
(
φ
2f
)
,
e3Lµ = gW
3
Lµ − cos2
(
ψ
f
)
sin2
(
φ
2f
)(
gW 3Lµ − g′Bµ
)
;
e1,2Rµ = gW
1,2
Lµ cos
2
(
ψ
f
)
sin2
(
φ
2f
)
,
e3Rµ = cos
2
(
ψ
f
)
sin2
(
φ
2f
)(
gW 3Lµ − g′Bµ
)
. (B.81)
where hence and forth, we have made the abbreviation of
the subscript L for W bosons field, i.e., Wµ = WLµ. The
(2,2) due to Tα gives
e1,2µ = −
gW 1,2µ√
2
sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
e3µ = −
1√
2
(
gW 3µ − g′Bµ
)
sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
e4µ =
√
2
f
∂µψ
[
1− cos
(
φ
f
)]
. (B.82)
d. f±µν field
In the Omega representation, the building blocks of
gauge field are not Fµν , but f
±
µν as we will give the explicit
expressions in the following,
According to the definitions in Eq.(B.40), we have the
gauge field f+µν = (f
L,a
µν , f
R,a
µν , f
+,α
µν ) in the unbroken sector
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as
fL,1,2µν = gW
1,2
µν
[
1− cos2
(
ψ
f
)
sin2
(
φ
2f
)]
,
fL,3µν = gW
3
µν − cos2
(
ψ
f
)
sin2
(
φ
2f
)(
gW 3µν − g′Bµν
)
,
fR,1,2µν = gW
1,2
µν cos
2
(
ψ
f
)
sin2
(
φ
2f
)
,
fR,3µν = g
′Bµν + cos2
(
ψ
f
)
sin2
(
φ
2f
)(
gW 3µν − g′Bµν
)
, (B.83)
which leads to an equivalent linear independent combina-
tion as
fL,1,2µν + f
R,1,2
µν = gW
1,2
µν ,
fL,1,2µν − fR,1,2µν = gW 1,2µν
[
1− 2 cos2
(
ψ
f
)
sin2
(
φ
2f
)]
,
fL,3µν + f
R,3
µν = gW
3
µν + g
′Bµν ≡ Aµν ,
fL,3µν − fR,3µν = Zµν
[
1− 2 cos2
(
ψ
f
)
sin2
(
φ
2f
)]
, (B.84)
where Zµν ≡ gW 3µν − g′Bµν . It’s obvious that the vector
fL,3µν +f
R,3
µν is nothing but the gauge stress tensor for photon
fields in the SM. The components in the (2,2) are
f+,1µν = −
g√
2
W 1µν sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
f+,2µν = −
g√
2
W 2µν sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
f+,3µν = −
1√
2
(
gW 3µν − g′Bµν
)
sin
(
2ψ
f
)
sin2
(
φ
2f
)
,
f+,4µν = 0, (B.85)
For the gauge field f−µν in the coset SO(6)/SO(5) sector,
f−,1µν =
g√
2
W 1µν cos
(
ψ
f
)
sin
(
φ
f
)
,
f−,2µν =
g√
2
W 2µν cos
(
ψ
f
)
sin
(
φ
f
)
,
f−,3µν =
1√
2
(gW 3µν −Bµνg′) cos
(
ψ
f
)
sin
(
φ
f
)
,
f−,4µν = 0, f
−5
µν = 0, (B.86)
whereW aµν and Bµν are gauge field stress tensor for SU(2)L
and U(1)L symmetry
W aµν = ∂µW
a
ν − ∂νW bµ − gǫabcW bµW cν ,
Bµν = ∂µBν − ∂νBµ. (B.87)
since we have defined Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ].
e. eµν field
In NMCHM, the gauge field stress tensor in Eq.(B.22)
becomes
eµν = e
L
µν + e
R
µν + e
(α)
µν (B.88)
where e
L/R
µν = e
L/R,a
µν T
L/R
a and e
(α)
µν = e
(α)α
µν Tα.
The eµν can be computed through separating into two
sector as
eµν = 2∂[µeν],−ieµ,ν, (B.89)
where the Abelian sector of the fields are
∂µeν − ∂νeµ ≡ 2∂[µeν], (B.90)
while the non-Abelian sector are
eµ,ν ≡ [eµ, eν ]. (B.91)
The explicitly expression in the NMCHM, turns out to
be
i(eL,1µ,ν + e
R,1
µ,ν ) = 2g cos
2
(
ψ
f
)
sin4
(
φ
2f
)(
W 2νZµ −W 2µZν
)
,
i(eL,1µ,ν − eR,1µ,ν ) =
2g
f
sin
(
2ψ
f
)
sin4
(
φ
2f
)(
ψνW
1
µ − ψµW 1ν
)
,
i(eL,2µ,ν + e
R,2
µ,ν ) = 2g cos
2
(
ψ
f
)
sin4
(
φ
2f
)(
W 1µZν −W 1νZµ
)
,
i(eL,2µ,ν − eR,2µ,ν ) =
2g
f
sin
(
2ψ
f
)
sin4
(
φ
2f
)(
ψνW
2
µ − ψµW 2ν
)
,
i(eL,3µ,ν + e
R,3
µ,ν ) = 2g
2 cos2
(
ψ
f
)
sin4
(
φ
2f
)(
W 2µW
1
ν −W 1µW 2ν
)
,
i(eL,3µ,ν − eR,3µ,ν ) =
2
f
sin
(
2ψ
f
)
sin4
(
φ
2f
)
(ψνZµ − ψµZν) .(B.92)
The situation is similar to what has happened in dµ,ν , the
vector contribution is larger than the chiral contribution.
For eµ,ν in (2,2), they are
ie1µ,ν =
2
√
2
f
g cos2
(
ψ
f
)
sin4
(
φ
2f
)(
ψµW
1
ν − ψνW 1µ
)
,
ie2µ,ν =
2
√
2
f
g cos2
(
ψ
f
)
sin4
(
φ
2f
)(
ψµW
2
ν − ψνW 2µ
)
,
ie3µ,ν =
2
√
2
f
cos2
(
ψ
f
)
sin4
(
φ
2f
)
(ψµZν − ψνZµ) ,
e4µ,ν = 0. (B.93)
We have also calculate all of the commutative part of eµν
in Eq.(B.90),
∂[µe
V,1,2,3
ν] = 0,
∂[µe
A,1,2
ν] = g cos
2
(
ψ
f
)
sin2
(
φ
2f
)(
∂νW
1,2
µ − ∂µW 1,2ν
)
+
1
2f
g
(
cos2
(
ψ
f
)
sin
(
φ
f
)(
φνW
1,2
µ − φµW 1,2ν
)
+ 2 sin
(
2ψ
f
)
sin2
(
φ
2f
)(
ψµW
1,2
ν − ψνW 1,2µ
))
,
∂[µe
A,3
ν] = cos
2
(
ψ
f
)
sin2
(
φ
2f
)
(∂νZµ − ∂µZν)
+
1
2f
(
cos2
(
ψ
f
)
sin
(
φ
f
)
(φνZµ − φµZν)
+ 2 sin
(
2ψ
f
)
sin2
(
φ
2f
)
(ψµZν − ψνZµ)
)
, (B.94)
where we have made the recombination ∂[µe
V/A,a
ν] ≡
∂[µe
L,a
ν] ± ∂[µeRaν] with a = 1, 2, 3
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For the (2,2), one has
∂[µe
1,2
ν] =
g
2
√
2
sin
(
2ψ
f
)
sin2
(
φ
2f
)(
∂νW
1,2
µ − ∂µW 1,2ν
)
+
1
2
√
2f
g
(
1
2
sin
(
2ψ
f
)
sin
(
φ
f
)(
φνW
1,2
µ − φµW 1,2ν
)
+2 cos
(
2ψ
f
)
sin2
(
φ
2f
)(
ψνW
1,2
µ − ψµW 1,2ν
))
,
∂[µe
3
ν] =
1
2
√
2
sin
(
2ψ
f
)
sin2
(
φ
2f
)
(∂νZµ − ∂µZν)
+
1
2
√
2f
(
1
2
sin
(
2ψ
f
)
sin
(
φ
f
)
(φνZµ − φµZν)
+2 cos
(
2ψ
f
)
sin2
(
φ
2f
)
(ψνZµ − ψµZν)
)
,
∂[µe
4
ν] =
1√
2f2
sin
(
φ
f
)
(φµψν − ψµφν) . (B.95)
According to Eq.(B.47), the field strength eµν are also
related to the unbroken sector f+µν and dµ field through an
identity
eµν = f
+
µν − i[dµ, dν ] = f+µν − idµ,ν . (B.96)
Thus, they are not linear independent of f+µν . Thus, we
can either use eµν or f
+
µν as the building block. The most
easies but non-trivial check to determine the sign is through
α = 4 components, which leads to
e4µν = ∂µe
4
ν − ∂νe4µ = 2∂[µe4ν] = −id4µ,ν , (B.97)
since f+,4µν = 0.
Appendix C: EW chiral Lagrangian and Operators
1. Building blocks of low energy EW chiral
Lagrangian
The (pseudo-)scalar T and vector chiral fields Vµ are
defined as [29, 38, 39]
T ≡ Uσ3U†, Vµ ≡ (DµU)U†, (C.1)
where U is the three Goldstone bosons (GBs) in the coset
SU(2)L×SU(2)R/SU(2)C , are parameterized as the longi-
tudinal components of the SM gauge bosons by a non-linear
σ-model as a dimensionless unitary matrix U at low ener-
gies as
U = exp
(
i
1
v
σaϕa
)
, (C.2)
where v is the scale associated to the SM GBs, and σa
are the usual Pauli matrices. The dimensionless unitary
SM GB matrix transforms as a bi-doublet under the global
SU(2)L × SU(2)R symmetry as
U→ gLUg†R. (C.3)
After EWSB, the global SU(2)L × SU(2)R symmetry
is spontaneously broken down to the diagonal SU(2)C in
terms of custodial symmetry, and explicitly broken by gaug-
ing the U(1)Y hypercharge and by the fermion mass split-
tings.
The covariant derivative are3
DµU ≡∂µU+ igWµU− ig′BµUσ3/2, (C.4)
whereWµ ≡W aµσa/2 with W aµ and Bµ denote the SU(2)L
and U(1)Y gauge bosons, respectively, and g, g
′ are the
corresponding gauge coupling. Both T and Vµ transform
in the adjoint symmetry representation of SU(2)L as
T→ gLTg†L, Vµ → gLVµg†L, (C.5)
while the chiral scalar field T breaks explicitly the SU(2)R
symmetry nor is invariant under SU(2)C . Thus, it can be
considered as a custodial symmetry breaking term. Thus,
the covariant derivativeDµ denotes that in the adjoint rep-
resentation of SU(2)L, i.e., when acting upon Vµ, is given
by
DµVν ≡ ∂µVν + ig [Wµ,Vν ] , (C.6)
and satisfies a useful identity (DµU)
† = −U−1(DµU)U†.
In this case, one obtains frequently useful equalities as [29]
Vµν ≡ DµVν −DνVµ = igWµν − i g
′
2
BµνT+ [Vµ,Vν ],
DµT = [Vµ,T] , [Dµ,Dν ]O = ig [Wµν ,O], (C.7)
where O is a generic operator covariant under SU(2)L and
invariant under U(1)Y .
It’s worthy of noticing that it is concise to use the build-
ing block Vµ, comparing to use the explicit expression of
U as
Tr (VµV
µ) = Tr
[
U† (DµU)U† (DµU)
]
, (C.8)
where in the last equality, we have used the Hermitian con-
dition for Lagrangian up to kinetic terms.
2. Low energy EW chiral Lagrangian
a. Higgs singlet
The physical Higgs h is an iso-singlet of the SM gauge
symmetry with vacuum expectation value (vev) at EW
scale v ≈ 246GeV. In the low energy effective Lagrangian,
there are four pure Higgs operators. One is that with two
derivatives, and the other three are those with four deriva-
tives as [27]
LH = 12 (∂µh) (∂µh)
LH = 1v2 (h)2L∆H = 1v3 (∂µh) (∂µh)h
LDH = 1v4 [(∂µh) (∂µh)]2 ,
(C.9)
where  = ∂µ∂
µ.
3 The bold of the characters implies that we have adopt abbreviations
for SU(2)L generators.
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b. CP-even case
Operators with two derivatives are [28]
LC = − (v+h)
2
4 Tr(V
µVµ),
LT = (v+h)
2
4 Tr (TVµ) Tr (TV
µ) ,
(C.10)
where C and T indicates the custodial preserving and cus-
todial breaking, respectively.
Operators withfour derivatives one has4 [27, 29–31,
33, 35, 38]
LB = − g
′2
4 BµνB
µν
LW = − g
2
2 Tr (WµνW
µν)
L1 = gg′Bµν Tr (TWµν)
L2 = ig′Bµν Tr (T [Vµ,Vν ])
L3 = igTr (Wµν [Vµ,Vν ])
L4 = ig′Bµν Tr (TVµ) ∂ν(h/v)
L5 = igTr (WµνVµ) ∂ν(h/v)
L6 = [Tr (VµVµ)]2
L7 = Tr (VµVµ) ∂ν∂ν(h/v)
L8 = Tr (VµVν) ∂µ(h/v)∂ν(h/v)
L9 = Tr[(DµVµ)2]
L10 = Tr (VνDµVµ) ∂ν(h/v)
L11 = [Tr (VµVν)]2
L12 = g2 [Tr (TWµν)]2
L13 = igTr (TWµν)Tr (T [Vµ,Vν ])
L14 = gǫµνρλ Tr (TVµ)Tr
(
VνWρλ
)
L15 = Tr (TDµVµ)Tr (TDνVν)
L16 = Tr ([T,Vν ]DµVµ) Tr (TVν)
L17 = igTr (TWµν)Tr (TVµ) ∂ν(h/v)
L18 = Tr (T [Vµ,Vν ]) Tr (TVµ) ∂ν(h/v)
L19 = Tr (TDµVµ)Tr (TVν) ∂ν(h/v)
L20 = Tr (VµVµ) ∂ν(h/v)∂ν(h/v)
L21 = [Tr (TVµ)]2 ∂ν(h/v)∂ν(h/v)
L22 = Tr (TVµ)Tr (TVν) ∂µ(h/v)∂ν(h/v)
L23 = Tr (VµVµ) [Tr (TVν)]2
L24 = Tr (VµVν)Tr (TVµ)Tr (TVν)
L25 = [Tr (TVµ)] [Tr (TVµ)] ∂ν∂ν(h/v)
L26 = [Tr (TVµ)Tr (TVν)]2 ,
(C.11)
where the first 13 Lagrangian LB,W,1,...,13 corresponds to
the custodial preserving ones, while the residue corresponds
to the custodial breaking ones, which describes tree-level
effects of custodial breaking sources beyond the SM ones.
Since the gauging of the SM symmetry breaks explicitly the
custodial symmetries. Consequently, these custodial sym-
metry breaking operators are generated due to the quantum
corrections induced by the SM interactions. The covariant
derivative of Vµ are defined as [29]
DµVν ≡ ∂µVν + ig[Wµ,Vν ]. (C.12)
In the absence of a light CP-even Higgs-like scalar singlet
h in the low energy spectrum, the 12 operators containing
4 These 26 p4 operators in the EW chiral Lagrangian is redundant if
the fermion sector is included [34].
Thus, we only need to focus on the NMCHM setup with only
composite vector boson states included.
derivatives of Higgs are absent. Thus, there are a com-
plete 18 (independent) CP-even operators those preserving
SU(2)L × U(1)Y symmetry.
Among the operators, two SU(2)C custodial sym-
metry preserving and three custodial violating opera-
tors L6,11;23,24,26 exhibit quartic vector-boson interactions,
which leads to new anomalous quartic couplings [55] such
as ZµZνZ
µZν , W+µ W
−
ν Z
µZν and W+µ W
−
ν W
+µW−ν .
The CP-even low energy effective Lagrangian in
Eq.(C.11) can be expressed more explicitly in the unitary
gauge as
LC = 18v2
[
g2[(W 1µ )
2 + (W 2µ)
2] + (gW 3µ − g′Bµ)2
]
,
LT = − 14v2(gW 3µ − g′Bµ)2,
LB = − g
′2
4 BµνB
µν ,
LW = − g
2
4 W
a
µνW
aµν ,
L1 = gg′BµνW 3µν ,
L2 = g2g′Bµν(W 1µW 2ν −W 2µW 1ν ),
L4 = g′Bµν(g′Bµ − gW 3µ)∂νh/v,
L3 = g
2
2 [gW
3µν(W 1µW
2
ν −W 2µW 1ν )
+(gW 3ν − g′Bν)(W 1µνW 2µ −W 1µW 2µν)
−(gW 3µ − g′Bµ)(W 1µνW 2ν −W 1νW 2µν)],
L5 = − g2 [g(W 1µW 1µν +W 2µW 2µν)
+(gW 3µ − g′Bµ)W 3µν ]∂νh/v,
L6 = 14 [g2(W 1µ)2 + g2(W 2µ)2 + (gW 3µ − g′Bµ)2]2,
L7 = − 12v [g2((W 1µ )2 + (W 2µ )2) + (gW 3µ − g′Bµ)2]h,
L8 = − 12v2 [g2(W 1µW 1ν +W 2µW 2ν )
+(gW 3µ − g′Bµ)(gW 3ν − g′Bν)]∂µh∂νh,
L9 = − 12 [g2(∂µW 1µ + g′BµW 2µ)2
+g2(∂µW
2µ − g′BµW 1µ)2
+(g∂µW
3µ − g′∂µBµ)2],
L10 = − 12v [g2(W 1µ∂νW 1ν +W 2µ∂νW 2ν)
+(gW 3µ − g′Bµ)∂ν(gW 3ν − g′B3ν)]∂µh,
L11 = 14 [g2(W 1µW 1ν +W 2µW 2ν )
+(gW 3µ − g′Bµ)(gW 3ν − g′Bν)]2,
L12 = g2W 3µνW 3µν ,
L13 = g3W 3µν(W 1µW 2ν −W 1νW 2µ ),
L14 = g(gW 3µ − g′Bµ)[g(W 1νW˜ 1µν +W 2νW˜ 2µν)
+(gW 3ν − g′Bν)W˜ 3µν ],
L15 = −(g∂µW 3µ − g′∂µBµ)2,
L16 = −g2(gW 3ν − g′Bν)[(W 2ν ∂µW 1µ −W 1ν ∂µW 2µ)
+g′Bµ(W 1µW
1
ν +W
2
µW
2
ν )],
L17 = − 1vg(gW 3µ − g′Bµ)W 3µν∂νh,
L18 = 1vg2(gW 3µ − g′Bµ)(W 1µW 2ν −W 2µW 1ν )∂νh,
L19 = − 1v (gW 3ν − g′Bν)(g∂µW 3µ − g′∂µBµ)∂νh,L20 = − 12v2 [g2((W 1µ )2 + (W 2µ)2) + (gW 3µ − g′Bµ)2](∂νh)2,
L21 = − 1v2 (gW 3µ − g′Bµ)2∂νh∂νh,L22 = − 1v2 (gW 3µ − g′Bµ)(gW 3ν − g′Bν)∂µh∂νh,L23 = 12 (gW 3ν − g′Bν)2[g2(W 1µW 1µ +W 2νW 2ν )
+(gW 3µ − g′Bµ)2],
L24 = 12 (gW 3µ − g′Bµ)(gW 3ν − g′Bν)×
[g2(W 1µW
1
ν +W
2
µW
2
ν ) + (gW
3
µ − g′Bµ)(gW 3ν − g′Bν)],
L25 = − 1v (gW 3µ − g′Bµ)2h,L26 = (gW 3µ − g′Bµ)2(gW 3ν − g′Bν)2,
(C.13)
where W˜ aµν = ǫµνρσW aρσ/2. Note that in the strong cou-
pling limit, i.e., f → ∞ or ξ → 0, L4 just recovers that
in the low energy effective Lagrangian, while L(s)4 just de-
coupled. It is worthy of noticing that for NMCHM with
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symmetry breaking pattern as SO(6)/SO(5), the custodial
violating operator LT = −2LC + · · · , is not independent of
LC .
c. CP-odd case
Operators with two derivatives
LC˜ = 0
LT˜ = i (v+h)
2
4 [Tr (TD
µVµ)]
2 ,
where C˜ and T˜ indicates the custodial preserving and cus-
todial breaking, respectively.
Operators with four derivatives one has [35, 37, 40]
LB˜ = − g
′2
4 B˜µνB
µν
L
W˜
= − g22 Tr
(
W˜µνW
µν
)
L1˜ = 2gg′Bµν Tr
(
TW˜µν
)
L2˜ = 2ig′B˜µν Tr (TVµ) ∂ν(h/v)
L3˜ = 2igTr
(
W˜µνVµ
)
∂ν(h/v)
L4˜ = gTr (WµνVµ)Tr (TVν)
L5˜ = iTr (VµVν)Tr (TVµ) ∂ν(h/v)L6˜ = iTr (VµVµ)Tr (TVν) ∂ν(h/v)
L7˜ = gTr (T [Wµν ,Vµ]) ∂ν(h/v)
L8˜ = 2g2Tr
(
TW˜µν
)
Tr (TWµν)
L9˜ = 2igTr
(
TW˜µν
)
Tr (TVµ) ∂ν(h/v)
L1˜0 = iTr (VµDνVν)Tr (TVµ)L1˜1 = iTr (TDµVµ)Tr (VνVν)L1˜2 = iTr ([Vµ,T]DνVν) ∂µ(h/v)L1˜3 = iTr (TDµVµ) ∂ν∂ν(h/v)L1˜4 = iTr (TDµVµ) ∂ν(h/v)∂ν(h/v)
L1˜5 = iTr (TVµ) (Tr (TVν))2 ∂µ(h/v)
L1˜6 = iTr (TDµVµ) (Tr (TVν))2 ,
(C.14)
where the first five Lagrangian L
B˜,W˜ ,1˜,2˜,3˜
corresponds to
the custodial preserving ones, while the residue operators
to (tree-level) custodial breaking ones. In the custodial
breaking class, the presence of the scalar chiral field T,
which implies that the custodial symmetry is violating.
The dual tensor are defined by B˜µν ≡ ǫµνρσBρσ , and
W˜µν ≡ ǫµνρσWρσ. The covariant derivative of V is de-
fined in Eq.(C.6). In the absence of a light Higgs-like, i.e.,
CP-odd scalar singlet h in the low energy spectrum, the 10
operators containing derivatives of Higgs are absent. Thus,
there are a complete 9 (independent) CP-even operators
those preserving SU(2)L × U(1)Y symmetry.
The CP-odd low energy effective Lagrangian in Eq.(C.14)
can be expressed more explicitly in the unitary gauge as
LC˜ = 0,
LT˜ = − i4v2(g∂µW 3µ − g′∂µBµ)2,
L
W˜
= − 14g′2W˜ aµνW aµν ,
LB˜ = − 14g′2B˜µνBµν ,
L1˜ = 2gg′BµνW˜ 3µν ,
L2˜ = − 2v g′B˜µν(gW 3µ − g′Bµ)∂νh,
L3˜ = − 1v [g2(W 1µW˜ 1µν +W 2µW˜ 2µν)
+gW˜ 3µν(gW 3µ − g′Bµ)]∂νh,
L4˜ = − 12 [g2(W 1µW 1µν +W 2µW 2µν)
+g(gW 3µ − g′Bµ)W 3µν)](gW 3ν − g′Bν),
L5˜ = 12v (gW 3µ − g′Bµ)[g2(W 1µW 1ν +W 2µW 2ν)
+(gW 3µ − g′Bµ)(gW 3ν − g′Bν)]∂νh,
L6˜ = 12v (gW 3ν − g′Bν)[(gW 1µ + gW 2µ)2
+(gW 3µ − g′Bµ)2]∂νh,
L7˜ = 1vg2(W 1µW 2µν −W 2µW 1µν)∂νh,
L8˜ = 2g2W 3µνW˜ 3µν ,
L9˜ = − 2gv (gW 3µ − g′Bµ)W˜ 3µν∂νh,
L1˜0 = 12 (gW 3µ − g′Bµ)[g2(W 1µ∂νW 1ν +W 2µ∂νW 2ν)
+(gW 3µ − g′Bµ)(g∂νW 3ν − g′∂νBν)
+g2g′Bν(W 1µW 2ν −W 2µW 1ν )],
L1˜1 = 12 [g2(W 1νW 1ν +W 2νW 2ν) + (gW 3ν − g′Bν)2]×(g∂µW 3µ − g′∂µBµ),
L1˜2 = g
2
v [g
′Bν(W 1µW 1ν +W 2µW 2ν)
+(W 2µ∂νW
1ν −W 1µ∂νW 2ν)]∂µh,
L1˜3 = − 1v (g∂µW 3µ − g′∂µBµ)h,L1˜4 = − 1v2 (g∂µW 3µ − g′∂µBµ)(∂νh)2,L1˜5 = 1v (gW 3ν − g′Bν)2(gW 3µ − g′Bµ)∂µh,L1˜6 = (gW 3ν − g′Bν)2(g∂µW 3µ − g′∂µBµ).
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